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Abstract
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and continuous grids of argument values, the latter yielding a consistent test. We explicitly
consider the sampling variability from computing the shocks using consistent estimators.
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1 Introduction

There are several popular identification schemes for structural vector autoregressions (SVAR),
including short- and long-run homogenous restrictions (see, e.g., Sims (1980) and Blanchard
and Quah (1989)), sign restrictions (see, e.g., Faust (1998) and Uhlig (2005)), time-varying
heteroskedasticity (Sentana and Fiorentini (2001)) or external instruments (see, e.g., Mertens
and Ravn (2012) or Stock and Watson (2018)). Recently, identification through independent
non-Gaussian shocks has become increasingly popular after Lanne, Meitz and Saikkonen (2017)
and Gouriéroux, Monfort and Renne (2017).! The signal processing literature on Independent
Component Analysis (ICA) popularised by Comon (1994) shares the same identification scheme.?
Specifically, consider a static model the N x 1 observed, square-integrable random vector y —
the so-called signals or sensors— is the result of an affine combination of N unobserved shocks
g* — the so-called components or sources— whose mean and variance we can set to 0 and Iy
without loss of generality, namely

y = p+ Ce". (1)
In this context, the matrix C of loadings of the observed variables on the latent ones in (1) can be

3

identified (up to column permutations and sign changes)® from an i.i.d. sample of observations

on y provided the following assumption holds:*
Assumption 1 : ICA Identification
1) the N shocks in (1) are cross-sectionally independent,

2) at least N — 1 of them follow a non-Gaussian distribution, and
3) C is invertible.

Failure of any of the three conditions in Assumption 1 results in an underidentified model.
In particular, suppose that €* follows a non-Gaussian spherically symmetric distribution, such
as the standardised multivariate Student ¢, so that the marginal distribution of each shock is
also a standardised Student ¢ but there is tail dependence among them. The problem is that
any rotation of the structural shocks generates another set of N shocks e** = Qe&*, where Q is a
special orthogonal matrix, which share not only their mean vector (0), covariance matrix (Iy)
and margins, but also the same non-linear dependence structure, rendering C underidentified.

In Amengual, Fiorentini and Sentana (2022), we proposed simple to implement and inter-

pret specification tests that check potential cross-sectional dependence among several shocks

'See Fiorentini and Sentana (2023) for a selected list of recent SVAR papers that exploit the non-Gaussian
features of the structural shocks.

?See Hyvirinen et al (2010) and Moneta et al (2013) for earlier links between IcA and SVARs.

3The elements of €* will be stochastically independent if and only if the elements of I}\{Qs* are too, where I}\{Q
denotes any orthogonal square root of the identity matrix of order N, so the choice of I}V/z is irrelevant.

4The same result applies to situations in which dim(e*) < dim(y) provided that C has full column rank.



by comparing some integer product moments of those shocks in the sample with their popu-
lation counterparts. Specifically, we assessed the statistical significance of their second, third
and fourth cross-moments, which should be equal to the product of the corresponding marginal
moments under independence, thereby nesting the integer moment tests for independence in
Hyvérinen (2013) and Lanne and Luoto (2021). Although our Monte Carlo simulation results
indicated that the tests we proposed have non-negligible power against a variety of empirical
plausible forms of dependence among the shocks, tests based on a fixed number of cross-moments
are not consistent because it is possible to create examples of tail-dependent shocks for which all
those cross-moments are 0. Moreover, tests based on higher-order moments are quite sensitive
to outliers, which renders asymptotic theory unreliable for their finite sample distributions.

The purpose of this paper is to provide alternative moment tests of independence consistent
against any alternative to the null hypothesis under the maintained assumptions that at least
N — 1 shocks are non-Gaussian and C is invertible. Effectively, our proposed procedures check
that the joint cumulative distribution function (cdf) of the shocks is the product of their marginal
cdfs. For pedagogical reasons, we first develop our tests for a finite grid of values of the arguments
of the cdfs, but then we explain how to extend them to the entire range of values by exploiting
a generalisation of the continuum of moments inference procedures put forward by Carrasco
and Florens (2000), which results in a consistent test. Interestingly, we can directly relate our
discrete grid test to the classical Pearson’s independence test statistic for categorical variables in
contingency tables. We also explicitly compare our continuous grid procedures to the consistent
independence tests of Hoeffding (1948), who considered a Cramér-von Misses type-test based on
the integral of the square differences between the joint cdf and the product of the marginal cdfs,
and Blum, Kiefer and Rosenblat (1961), who proposed Kolmogorov-Smirnov-type tests based
on the maximum absolute discrepancy.

Importantly, we focus on the latent shocks rather than the observed variables because As-
sumption 1 is written in terms of €* rather than y. If we knew the true values of p and C, p,
and Cy say, with rank(Cpy) = N, we could trivially recover the latent shocks from the observed
signals without error. In practice, though, both p and C are unknown, and the same is true of
the autoregressive coeflicients in the SVAR case, so we need to estimate them before conducting
our tests and take into account their sampling variability in computing the asymptotic covari-
ance matrix of the influence functions in the discrete grid case, or its operator counterpart in
the continuous one.

Although many estimation procedures for those parameters have been proposed in the lit-

erature (see, e.g., Moneta and Pallante (2022) and the references therein), in this paper we



consider the discrete mixtures of normals-based pseudo maximum likelihood estimators (PM-
LEs) in Fiorentini and Sentana (2023) for three main reasons. First, they are consistent for all
the model parameters under standard regularity conditions provided that Assumption 1 holds
regardless of the true marginal distributions of the shocks. Second, they seem to be rather
efficient, the rationale being that finite normal mixtures can provide good approximations to
many univariate distributions. And third, the influence functions on which they are based are
the scores of the pseudo log-likelihood, which we can easily compute in closed-form. As is well
known, these influence functions play a crucial role in capturing the sampling variability result-
ing from computing the shocks with consistent but noisy parameter estimators. In this respect,
we derive computationally simple closed-form expressions for the asymptotic covariance matrices
and operators of the sample moments underlying our tests under the null adjusted for parameter
uncertainty. Importantly, we do so not only for the static IcA model (1) but also for a SVAR,
which is far more relevant for economic and financial time series data. In both cases, though,
we show that only the sampling variability in the off-diagonal elements of C matters.

In many empirical finance applications of SVARs, the number of observations is sufficiently
large for asymptotic approximations to be reliable. In contrast, the limiting distributions of our
tests may be a poor guide for the smaller samples typically used in macroeconomic applications.
For that reason, we thoroughly study the finite sample size of our tests in several Monte Carlo
exercises and discuss resampling procedures that seem to improve their reliability. Finally,
we explicitly compare our tests to several existing procedures, including not only our earlier
cross-moments tests but also the aforementioned Blum, Kiefer and Rosenblat (1961) procedure
and the consistent Matteson and Tsay (2017) distance covariance statistic, showing that ours
have non-negligible power against a variety of empirically plausible alternatives in which the
cross-sectional independence of the shocks does not hold.

Finally, we apply our proposed tests to a SVAR identified through independent non-Gaussian
shocks for market-based volatility indices representative of three of the most actively traded
asset classes: stocks, exchange rates and commodities. Specifically, we analyse the VIX, which
captures the one-month ahead volatility of the S&P500 stock market index; the EVZ, which
computes the 30-day volatility of the $US/Euro exchange rate, and the GVZ, which measures
the market’s expectation of 30-day volatility of gold prices. Interestingly, the tests that we
propose fail to reject the null hypothesis of independence, and the same is true of other popular
independence statistics. In contrast, moments tests based on co-skewness and co-kurtosis are
very sensitive to the treatment of the unusual values for those indices observed at the onset of

the CoviD-19 pandemic.



The rest of the paper is organised as follows. Section 2 discusses the model and the estimation
procedure. Then, we present our moment tests for independence for a finite number of grid points
in section 3, and a continuum of points in section 4. Next, section 5 contains the results of our
Monte Carlo experiments, while we describe our empirical application to the aforementioned
volatility indices in section 6. Finally, we present our conclusions and suggestions for further
research in section 7, relegating the main proofs to the appendix, and computational details and

several auxiliary results to the supplementary material.

2 Structural vector autoregressions

2.1 Model specification

Consider the following N-variate SVAR process of order p:
yi=T1+ Z§:1 Ay, +Ce;, ef|li—1 ~ii.d. (0,Iy), (2)

where I;_; is the information set, C the matrix of impact multipliers and €} the structural
shocks, which we normalise to have zero means, unit variances and zero covariances under our
maintained assumption that they are square-integrable.

Let e, = Ce} denote the reduced form innovations, so that &/l ~ i.i.d. (0,%) with
3 = CC'. Asis well known, a Gaussian (pseudo) log-likelihood is only able to identify 3, which
means the structural shocks €} and their loadings in C are only identified up to an orthogonal
transformation. Specifically, we can use the QR matrix decomposition of C’ to relate this matrix
to the Cholesky decomposition of ¥ = 33" as C = 3¥Q, where Q is an N x N orthogonal
matrix, which we can model as a function of N(N —1)/2 parameters w by assuming that |Q| = 1
(see e.g. Golub and van Loan (2013)). While Xy, is identified from the Gaussian log-likelihood,
w is not. In fact, the underidentification of w would persist even if we assumed for estimation
purposes that e} followed an elliptical distribution or a location-scale mixture of normals.

Nevertheless, Lanne et al. (2017) show that statistical identification of both the struc-
tural shocks and C (up to column permutations and sign changes) is possible under the IcA
identification Assumption 1, which we maintain henceforth. Popular choices of univariate non-
normal distributions are the Student ¢ (see Brunnermeier et al. (2021)), the generalised error (or
Gaussian) distribution, which includes normal, Laplace and uniform as special cases, and finite
Gaussian mixtures. Henceforth, we assume that the researcher chooses the order of the columns
of C as well as their signs following for example the scheme proposed by Ilmonen and Paindav-
eine (2011) and explained in detail in section 3.3 of Lanne et al (2017), thereby transforming

the local identification into a global one.



2.2 Going beyond integer moments

The Lanne et al. (2017) identification result, though, critically hinges on the validity of
Assumption 1. As a consequence, it would be desirable that empirical researchers who rely on it
reported specification tests that would check this assumption. In this paper, we focus on testing
that the structural shocks are indeed independent of each other.

As is well known, stochastic independence between the elements of a random vector is equiv-
alent to the joint cdf being the product of the marginal ones. In turn, this factorisation implies
lack of correlation between not only the levels but also any set of single-variable measurable
transformations of those elements. Thus, a rather intuitive way of testing for independence
without considering any specific parametric alternative can be based on influence functions of

the form
N N
* *h; *h;
ch(et) = Heit - HE(Eit ) 3)
i=1 i=1

where h ={hy, ..., An}, with h; € Zo,, denotes the index vector characterising a specific product
moment. This is precisely the approach that we followed in Amengual, Fiorentini and Sentana
(2022), where we paid particular attention to third and fourth cross-moments. As we mentioned
in the introduction, though, this type of moment test suffers from two problems. First, standard
asymptotic theory provides poor finite sample approximations for tests based on higher-order
moments, whose estimates are quite sensitive to outliers. Second, for any choice of h, one can find
joint distributions of the shocks for which (3) is zero on average even though the shocks are cross-
sectionally dependent. For example, Figure la displays the contours of the copula corresponding
to a spherically symmetric fourth-order Hermite expansion of the bivariate normal such that all
second, third and fourth cross-moments satisfy this condition when the margins come from the
same distribution even though the shocks are not stochastically independent.

To avoid these criticisms, in what follows we propose to assess the potential cross-sectional
dependence among two or more shocks by directly comparing their joint empirical cdf to the
product of the marginal empirical cdfs. We do so not only for a discrete grid of values of
the arguments of the joint cdf, which provides the intuition for our approach, but also for a
continuous grid of values using an extension of the continuum of moments inference procedures

in Carrasco and Florens (2000), which provides a consistent test.

2.3 Consistent parameter estimation

Let 6 = [7',vec (Ay),...,vec (Ap),ved (C)] = (1/,a],...,a,,c') = (17/,a,c) denote the

structural parameters characterising the first two conditional moments of y;. If we knew the

true values of @y, we could easily recover the true shocks from the observed variables using the



expression
e/ (0) =C  (ye — 7 — X7 Ajyi—j)- (4)

In practice, though, all those mean and variance parameters are unknown, so we need to
both estimate them before computing our tests and take into account that we will be working
with estimated shocks in deriving the asymptotic covariance matrices of the average influence
functions underlying them.

Maximum likelihood estimation (MLE) and inference in SVAR models with independent
non-Gaussian shocks is conceptually simple: the joint log-likelihood function is the sum of N
univariate log-likelihoods plus the Jacobian term |C|. As is well known, MLE leads to efficient
estimators of all the structural parameters if the assumed univariate distributions are correctly
specified. Unfortunately, while Gaussian pseudo maximum likelihood estimators (PMLE) remain
consistent when the true shocks are not Gaussian, the same is not generally true for other
distributions (see e.g. Newey and Steigerwald (1997)). In this context, though, we cannot use a
Gaussian PMLE because we lose identification.

Fiorentini and Sentana (2023) showed that if the univariate log-likelihoods are based on an
unrestricted finite Gaussian mixture, then all conditional mean and variance parameters will be
consistently estimated under standard regularity conditions when Assumption 1 holds and the
shape parameters of the mixtures are simultaneously obtained.” Let o = (0),-..,0y) denote
those shape parameters, so that ¢ = (6’, ¢')’. Similarly, let sg;(¢) denote the score vector used
for simultaneously estimating 6 and the finite mixture shape parameters g. Finally, let ¢g =
(60, v()’ denote the true values of the parameters characterising the true DGP, with v containing
the potentially infinite-dimensional shape parameters of the true distributions of the shocks, and
Do = (00, 0,)" the pseudo-true values of the estimated parameters. Supplemental Appendix C
provides detailed expressions not only for the relevant pseudo log-likelihood function, but also
for its score and Hessian, as well as the conditional variance of the former and the conditional
expected value of the latter, on the basis of which we can obtain closed-form expressions for the

asymptotic variances of the PMLEs of ¢, (}ST:

Ail(q,)oo; ‘PO)B((j’ooa 900)"471((1)00; 900)7 where
Alboo; o) = —E[054t(¢o0) /08 |pg]  and ()
B(¢oi o) = Vst (¢oo)l#ol (6)

denote the (-) expected value of the non-Gaussian log-likelihood Hessian and the variance of its

>The rationale is that the discrete normal mixture-based PMLEs of the unconditional mean vector and covari-
ance matrix of a random vector coincide with the corresponding sample moments, just like in the Gaussian case,
as shown by Fiorentini and Sentana (2022).



score, respectively. Supplemental Appendix A explains how to consistently estimate these matri-
ces in practice, while Supplemental Appendix C.2 lists the regularity conditions that guarantee

their consistency.

3 Discrete grid tests

Our starting point is a test based on the joint probability of events that involve two or more
elements of €}, which should coincide with the product of the marginal probabilities under the
null of independence. Specifically, we begin by defining H points, k1 < --- < kp < -+ < kg,
so that we can then form a partition of the support of €}, into H + 1 segments, namely kj,_1 <
ey < ky for h =1,..., H + 1 after suitably defining kg = —oco0 and kg1 = 00.5 We then collect
the indices of the shocks involved in the set M = {i!,...,i™}, where M denotes the cardinality
of the set M, so that we can test for pairwise independence (M=2), joint independence of the
entire vector of structural innovations (M=N), and any other intermediate situation.

Next, we define the dummy variables P} = 1, | 1,)(€}), where 14(z) denotes the usual
indicator function for x € A C R. Moreover, let v°(k,u®) denote the difference between the
joint probability of the event defined by the vector k = (kp ..., kn, ), Pr(ﬂieM{P}ﬁt =1},
and the product of the marginal probabilities, u’ = Pr(P5! = 1), with u® = (ug,...,un), so
that v°(k,u®) = 0 under independence. Using this notation, we could in principle test the null

on the basis of influence functions of the form:
p €t Kk, u’ H H U?LZZ - Uo(ka u<>)' (7)
ieM ieM
However, (7) is not computable unless one knows the marginal probabilities in u®, like in

Fisher’s (1922) famous tea cup classification example. Therefore, in practice those probabilities

will in turn be estimated from the exactly identified moment conditions

BB, (b)) = 0o Elp5, (€3] = 0,
po(el) = Poi—u forie M, h=1,.., H, (8)
which results in the analogue estimator 45 = %Zthl PPl a fact that we need to take into

account in computing the asymptotic covariance matrix of the feasible version of (7) that ade-
quately reflects the sampling uncertainty in i} i for all intervals and shocks.

If the true shocks were observed and we considered all possible cells from an /N-dimensional

®For notational simplicity, we maintain the assumption that the number of intervals and their limits are
common across shocks. Although this assumption is plausible when a researcher has no prior views on the
marginal distributions of the different standardised shocks, it would be straightforward to relax it.



contingency table whose elements are the Cartesian product of the different marginal partitions,’

then we would end up with a GMM version of Pearson’s joint (or multi-way) independence test,
which would in fact be numerically identical to Pearson’s original test statistic (see Sentana
(2022)).8

Let us now replace the partition of the support of ¢}, into the H 41 segments discussed above
by the sequence of overlapping increments €, < kj, for h =1, ..., H 4+ 1. For practical purposes,

let us define P}, = L(—oo,ky)(€];) and
puleq) = Pfét - u;n (9)

with uf = E(P{,) = Pr(e}, < ki) = F;(kp), as the new dummy variables and marginal influence

functions, respectively, which trivially give rise to the empirical cdf estimator

T
/;L = T Z P, (10)
Let us also define the joint influence function

Etak u HPht Hu%i_v(k7u)7 (11)

ieM ieM
which is such that v(k,u) = 0 under the independence null.

Importantly, the fact that the estimating moment conditions (9) exactly identify the relevant
u}’s implies that there is no efficiency loss in sequentially estimating the v(k, u)’s from (11) by
replacing the marginal cdfs by their sample counterparts relative to estimating them jointly from
(9) and (11), which in turn implies that the non-centrality parameters of corresponding moment
tests that impose v(k,u) = 0 will coincide.

Then, we can show the following:

Proposition 1 Let p°(e}) and p(e}) denote the HM x 1 vectors containing two mutually com-
patible full sets of non-redundant influence functions (7) and (11), respectively. Independence

tests based on them are numerically identical after taking into consideration the estimation of
the marginal probabilities from (8) and (9), respectively.

This convenient re-interpretation of the usual Pearson test for independence will allow us to

extend our tests to a continuous grid in section 4.

"The adding up restrictions of the elements of the contingency table by rows and columns imply that the
information in some of the cells is redundant, so we can avoid using generalised inverses in computing the test
statistic by getting rid of them. We would suggest excluding all the cells involving a specific category for each of
the M shocks, but the choice of excluded category for each shock is arbitrary.

®1n principle, one could deviate from Pearson’s test by not including all non-redundant cells in the contingency
table, but unless one has a priori knowledge of which specific subset of intervals is likely to capture larger departures
from the null, it is not clear that the consequent reduction in degrees of freedom will translate into power gains.



The choice of the k’s, though, will crucially affect power even though it does not affect the
(first-order) asymptotic distribution of the test under the null. For that reason, it would be
useful to adapt the grid to the marginal distribution of the shocks. With this in mind, we
recommend the following simple way of choosing the partition which achieves precisely that
goal: instead of fixing arbitrarily the grid points at which we evaluate the cdfs of each of the
€r’s, we chose them so that they correspond to specific quantiles of the marginal distributions.

Specifically, let k,zz = ;(up) for each i € M be the up-quantile of ¢}, for h = 1,..., H, with
0=wu <u < - <ug <ugyr = 1, 7(0) = —co and (1) = oo. We can compute an
alternative independence test for the shocks using the same influence function p(ef) in (11),
but now estimating the marginal quantiles k}L for given u}l from the exactly identified moment
conditions (9) rather than each marginal cdf u}, for fixed k. Intuitively, a moment test based on
a collection of such influence functions will effectively assess that the copula linking the different
marginal distributions is flat, which corresponds to the independent one.

An obvious question at this stage is whether practitioners should rely on the event-based
approach that treats the k’s as fixed or the copula-flavoured test, which instead treats the u’s as
fixed. A priori, it might seem that the former should dominate the latter because the asymptotic
variance of the estimators of the probabilities of an interval only depend on the probability of said
interval, while the asymptotic variance of the estimators of the quantiles depend not only on the
quantile probability (directly), but also on the value of the density at said quantile (inversely).
Somewhat surprisingly, though, it turns out that both tests are asymptotically equivalent if we
chose the limits of the intervals k}l’s so that they exactly match the theoretical quantiles s (up)’s,
as we show in the next proposition:

Proposition 2 Regardless of whether k is fixed and u estimated, or u fized and k estimated:

a) The testing influence function linearised to consider the estimation of the relevant marginal
quantities is given by

=TI tesomn i — 11 Uz] -y |:1(—oo7kh,i)(5;(t) - uz] I w2
ieM eM ieM ' EM i #i

b) If the shocks in M are stochastically independent, then the asymptotic covariance of the
influence functions my(u) and my(u') will be given by

. ] -/
H mln(u}%,uk, H Uk uj Z min uk ,uk, H uj,., H Z, . (13)

€M ieM ieM i eM i’ #i e M i’ #i

For empirical considerations, in what follows we focus on the copula version, which naturally
adapts the grid to the unknown marginal distribution of each shock.

The linearised influence functions (12) are particularly useful in practice because 6y is un-



known and the quantiles are computed on the basis of estimated €;’s that replace those true
values with their PMLE 6. Specifically, we can apply the theory of moment tests in Newey
(1985) and Tauchen (1985) to them to derive the following result:

Proposition 3 Let my(0) denote an HM x 1 wvector containing a full set of non-redundant
linearised influence functions (12) and 6 the consistent PMLE estimators of 6. Under standard

reqularity conditions Trhép(@)ngrhT(é) R X%IM’ (14)
under the independence null, where (@) is the sample mean of my(0),
Win = Ve + Jm A" BA™ Ty + Fan A Ty + Ten A Fi, (15)

Vm = Vm(Poo; o) = V[my(00)| py], whose entries are given by (13);
Tm = Jm(@o0i o) = E[0my(60)/0¢'| po], whose only non-zero elements are

Tmueys (@oor P0) == D Y T wer | n, fi(k), for i#4, (16)

JEM i'EM,i'#i \i"€M,i" £i' i

with 1; = Eoleji1(—oo k) (€5;)] and fi(.) denoting the true marginal density of shock i € M;
Fm = Fm(@oo; 9o) = cov[my(0o), ¢t (Do )| o], whose typical element is E[ICy,i(Poo, v0)],

0
Z,:(0 Z,(0 0
]Cmut(¢007vo) = |: lt(() 0) E)O) Iq ] ka(Qoo,'UO) >
0

Z(0) = [(1,yi_1, s ¥ipr O1xn2) ® INJCTY, Zy(0) = (Onzxn(wvi1) In2)(Iv ® C7Y), and
K (000, V0) an N? x 1 vector whose entries s = N(i — 1) + i’ fori,i’ =1,..,N are

81I1f 6:;92'00
e S Sl B | R L N R

ieM ' eM \i"E€M,i"+ii" #i @

for i £, and zero otherwise; and A = A(poo; po) and B = B(¢po; ¥o) given by (5) and (6).

Supplemental Appendix A explains in detail how to transform the infeasible statistic in (14)
into a feasible one by replacing Wy, with a consistent estimator without altering its asymptotic
distribution.

A key implication of this result is that the sampling variability in estimating the mean
parameters or the diagonal elements of the matrix C is asymptotically irrelevant. In fact, the
variability in the intercepts 7;’ and scales ¢;’s of the shocks does not matter even in finite
samples because a contingency table based on quantiles is numerically invariant to affine linear
transformations of each shock as the new quantiles are the same affine transformation of the
original ones. And even though changes in the elements in A; will affect shocks differently in
different periods, it turns out that the corresponding expected Jacobian is zero. Therefore, the

only parameters whose sampling variability matter are the off-diagonal elements of C.

10



Importantly, our tests will also be numerically invariant to alternative ways of selecting
a particular column permutation of C for identification purposes as long as we use the same
quantile grid for all shocks because those permutations only affect the labelling of the shocks.
Similarly, a change in the sign of one shock and the corresponding column is also numerically
irrelevant as long as we adjust its quantiles accordingly. In fact, given that we recommend using
the same equally spaced quantiles in the discrete grid case (say terciles, quartiles, quintiles, etc.),
we do not even need to consider such an adjustment.

In contrast, the choice of H is crucial for both small sample performance and power consid-
erations even though the asymptotic distribution under the null is always a x? with H™ degrees
of freedom. Intuitively, too fine a partition relative to the sample size may introduce size dis-
tortions because the joint probability of some individual cells will be poorly estimated. Even in
large samples, a fine partition will generate substantial correlation between the influence func-
tions, potentially causing numerical instability. Finally, there is also a power trade-off between
the size of the non-centrality parameter and the number of degrees of freedom of the limiting

distribution. Partly for these reasons, next we discuss tests which do not depend on H.

4 A continuous grid

A more fundamental problem with the tests discussed in the previous section is that they
are not consistent for any specific finite partition of the domain of the shocks because one could
always find joint distributions such that the probability of each joint interval is exactly the
product of the marginal probabilities even though the shocks are stochastically dependent. In
fact, any spherically symmetric bivariate distribution for the shocks, like the one in Figure 1la,
will provide an example of such a situation with only two equally likely intervals for each shock.
More interestingly, Figure 1b relies on another spherically symmetric Hermite expansion of the
bivariate normal to illustrate the same issue if we considered three equally likely intervals per
shock. To address this shortcoming, we now extend our procedures to a continuous grid.

Consistent tests of independence based on comparing the joint cdf to the product of the
marginal cdfs for all possible values of the arguments go back at least to Hoeffding (1948), who
considered a Cramér-von Misses type-test based on the integral of the square differences between
the joint cdf and the product of the marginal cdfs, and Blum, Kiefer and Rosenblat (1961),
who considered Kolmogorov-Smirnov-type tests based on the maximum absolute discrepancy.’

However, those tests rely on specific functionals of the difference, while the discrete grid tests

See Kheifets (2015) for an application of these procedures to the probability integral transforms of the con-
ditionally standardised residuals of a fully parametric univariate time series model for the purposes of testing
its correct specification taking into account the estimated character of those residuals, and Scaillet (2005) for a
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that we studied in the previous section also take into account not only the asymptotic variance
of the influence functions for each value of the arguments, like an Anderson-Darling (1952) test
would do, but more importantly, the covariance between those influence functions for different
values of the arguments.

In principle, we could try to find the limiting distribution of our discrete grid tests in a double
asymptotic framework in which the partitions get finer and finer as the sample size increases.
However, this is really unnecessary because the influence functions indexed with respect to the
arguments of the joint cdf over RM give rise to a continuum of moments in an L? space. As a
result, we can readily extend Carrasco and Florens (2000) and directly construct a Hansen (1982)
overidentifying restrictions-type test based on the same influence functions as in the discrete grid
0

case, but with a covariance operator playing the role of the usual covariance matrix.!

Specifically, by transforming €}, into its empirical uniform rank

s _ 1T "
€it = T Zs:l 1(700,5;‘,&)(81‘3)7 (17)

we can define the marginal and joint influence functions

qit(wi) = lu,(€;) —wi, and (18)
) =[] Louw () — [] w (19)
ieM ieM

which are numerically identical to (9) and (11) in the previous section, respectively.

Next, let @ be a probability density function with support the unit hypercube. Then, the
function g;(u) may be regarded as a random element of L? (z), the space of real-valued functions
which are square integrable with respect to the density @. For any functions f and g in L? (w),
the inner product on this Hilbert space is defined as (f, g) = f[O,l]“ f(u) g(u)w (u) du. By the
central limit theorem for iid random elements of a separable Hilbert space (see e.g. proof of
Theorem 9 in Rackauskas and Suquet (2006)), we have that under independence, vVT'gr(u) =
N (0,K) in L? (w) as T goes to infinity, where gr(u) denotes the sample average of (19) and
N (0, K) a Gaussian process of L? () fully characterised by its covariance operator K, which
is an integral operator from L? () to L? (w) such that

KN = [ ks i (20)

whose kernel k (u,v) = Elg:(u)g(v)] is given by (13).

related test against positive quadrant dependence.

10A straightforward extension of Proposition 2 implies that the continuum of moments test that looks at (11)
over R' will be numerically equivalent to the one that looks at the difference between the empirical copula and the
unit hyperplane over the unit hypercube. For that reason, in what follows we simply focus on the copula-based
version of the moment tests for overidentifying restrictions.
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As we mentioned before, we are interested in applying an overidentifying restrictions test to
our continuum of moments, but replacing the usual covariance matrix by the aforementioned
covariance operator K, which has a countable infinite number of positive eigenvalues Aj; and
associated eigenfunctions f;;. Specifically, Blum, Kiefer and Rosenblat (1961) proved that in
the bivariate case with 6y known, the eigenvalues \j; and the complete set of orthonormal

eigenfunctions p;;(u) of K, which are the solutions to the functional equation

1 1
K = [ [ K@vmp)ay = A w)

are given by 1/(7*52k?) and 2(sin 7juy ) (sin tkug) for j, k = 1,2,....!! This covariance operator
is compact, meaning that its inverse is not bounded. Consequently, its smallest eigenvalues will
converge to zero as j or k go to infinity, as can be clearly seen in the bivariate case we have just
discussed, so taking the inverse of K is problematic. In terms of the spectral decomposition of

K, the direct analogue to the J test statistic would be written as
_ 1 1 _ 2
<\FTQT7K 1(]T> = ZZ )\ng ’<\/TQT7,Ujk>‘ . (21)
ik

Unfortunately, this expression will blow up because of the division by the small eigenvalues. This
is related to the problem of solving an integral equation K f = g where g is known and f is the
object of interest. This problem is said to be ill-posed because f is not continuous in g. Indeed,
a small perturbation in g will result in a large change in f. To stabilise the solution, one needs
to use some regularisation scheme (see Kress (1999) and Carrasco, Florens, and Renault (2007)
for various possibilities). As in Carrasco and Florens (2000), we use Tikhonov regularisation,
which consists in replacing K !¢ by the regularised solution (K 24al )71 Kg where a > 0 is
a regularisation parameter. In what follows, we use the notation (K “)_1 for (K 2tal )71 K,
which is the operator with eigenvalues )‘jk()‘?k + a)~! and corresponding eigenfunctions ks
and (K®)~Y/2 for the operator with eigenvalues )\%2()\32'1@ + a)~Y/2 and the same eigenfunctions.

Thus, the regularised version of the J-type test will be
=12\ /T 2 Ajk JTa 2
H(K ) T‘ITH = sz ‘< TQTank>‘ . (22)
i k79

Comparing the expressions (21) and (22), it is easy to see that we have effectively replaced )\;kl
with Aj (A%, +a) ™!, which is bounded.
For computational reasons, it is convenient to rewrite the test statistic (22), which uses as

eigenvalues and eigenfunctions those of K, in terms of certain matrices and vectors (see Carrasco

Tt is not worth extending their results for 1> 2 because they apply to observed variables rather than estimated
shocks.
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et al. (2007) for analogous expressions for K under time series dependence). Specifically, we use

the following computationally convenient expression for (22):
W' {ady + [(Ir — €0l )T)D*(Ir — 785 /T)]?} W, (23)

where W is a T x 1 vector whose ¢ element is wy = [ ¢ (u) gr (u) @ (u) du, D is a T x T matrix
whose (¢, )" element is dys = (g, qs) /T, and £p is a T x 1 vector of ones. In practice, only D

is needed to compute the test statistic because (23) is equivalent to
Dy — brly/T){ady + [(Ir — £r&y/T)D* (I — brly/T)*} Iy — £ply /T)DLr,  (24)

with the analytical expression for the (, )" element of the matrix D provided in the following

result, which generalises expression (13) to a continuous grid:

Proposition 4 If the M shocks in M are stochastically independent, then

- { [T -mateiocal - (3) TTa-en-(3) [Ta-ah+ (;)} - @)

ieM €M

fort,s=1,...,T.

In addition to the effects of estimating the marginal cdfs of the shocks on the covariance
operator, we must again take into account the sampling variability in estimating 8. Fortunately,
the only difference with the discrete grid case is that the expected Jacobian will now be a function
of the values of the arguments of the cdf, and the same will be true of the covariance between the
influence functions and the score of the Gaussian PMLE. With this trivial re-interpretation, all
the expressions in Proposition 3 continue to be valid. In effect, the only thing we need to do is to
apply the Carrasco and Florens (2000) procedure to the residuals from projecting the influence
function (19) on the linear span generated by the influence functions defining the marginal cdfs
and the scores of the pseudo log-likelihood function for each value of u (see Khmaladze (1981)
for an analogous transformation). As we explained in the previous section, the only parameters
whose sampling variability matter are the off-diagonal elements of C.

In this context, we can obtain the adjusted covariance operator by combining the expressions
in Proposition 4 with Lemma 3 in Supplemental Appendix B to obtain:

Proposition 5 Let 0 be a consistent estimator of 0. Under standard reqularity conditions, the
overidentifying test statistic will be given

CE(Ip — L0l /T){dr + [(r — £y T)E*(Xp — L0y [T} (Ip — €08y /T)ELr,  (26)
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with € =D + C, where the elements of D are given by (25),

!
C =ty /[ | $(uar)'T(D — 60)(8 — 60)'j(unr)duins, (27)
0,1]4

and j(upy) is a vector whose only non-zero entries are the ones corresponding to ¢y (fori #1'),
whose expression appears in (16).

For a fixed value of «, the results in Carrasco and Florens (2000) indicate that the test
statistic in (26) will converge under the null to a weighted sum of x?’s so that one could obtain
the corresponding p-values using the approach in Imhof (1961). In this respect, Supplemental
Appendix A explains in detail how to transform the infeasible test statistic in (26) into a feasible
one by replacing C and D with consistent estimators without altering its asymptotic distribu-
tion, as originally shown in section 3 of Carrasco and Florens (2000) (see also Proposition 6 in
Amengual, Carrasco and Sentana (2020)). In principle, one could also study the rates at which
a should go to 0 with the sample size for the asymptotic distribution of (26) suitably centred
and scaled to converge to a standard normal distribution, as in Proposition 10 in Amengual,
Carrasco and Sentana (2020). Nevertheless, we recommend the resampling procedures described

in section 5.1.3 to obtain more reliable p-values in small samples.

5 Monte Carlo analysis

In this section, we evaluate the finite sample behaviour of the independence tests discussed
in the previous sections by means of several Monte Carlo simulation exercises. We also compare
our proposed procedures not only to the co-skewness/co-kurtosis tests in Amengual, Fiorentini
and Sentana (2022), but also to the Kolmogorov-Smirnov test that imposes the independent
copula under the null, like in Blum, Kiefer and Rosenblat (1961), as well as to the normalized
marginal ranks version of the Matteson and Tsay (2017) distance covariance statistic, which is

also consistent against all types of dependence.

5.1 Design and computational details

To keep CPU time within bounds, we focus on bivariate and trivariate DGps with VAR(1)

dynamics. Specifically, we generate samples of size T' from the following processes:

()= () (0 ) e )+ Co W) () @

and
Y1t 1 1/2 1/4 1/8 Y1t—1 1 1/2 0 €7y
Yot =| -1 | + 0 1/3 1/9 ya—1 |+ 0O 2 0 €5t (29)
Y3t 0 0 0 1/4 Y3t—1 0 0 1 €4
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Our PML estimation procedure, though, assumes that the drift vector, the matrix of autoregres-
sive coefficients and the matrix of the impact multipliers are fully unconstrained, so it does not
exploit the upper triangularity of the last two. Given that our tests are asymptotically pivotal
with respect to the parameters of the companion matrix of the VAR, their true values are largely
irrelevant in our simulations. More importantly, our results below do not depend on the true
values of 7 or C either as long as rank(C) = N because we can show that the estimated shocks
are numerically invariant to full-rank multivariate affine transformations of the y’s, and the same
is true of the different test statistics.

We consider both T' = 250, which is realistic in most macro applications, and 7" = 1,000,
which is representative of empirical finance ones. In the next subsection, we describe in detail
our estimation method. Next, in section 5.1.2, we characterise the precise DGPs we consider for

the shocks. Finally, we outline the resampling procedures that we use in section 5.1.3.

5.1.1 Estimation details

To estimate the model parameters by non-Gaussian PMLE, we assume that each shock

ey, is serially and cross-sectionally identically and independently distributed as a standardised

discrete mixture of two normals, or €}, ~ DM N (d;, »;, A;) for short, so that
o Nipi(e;), 032 (0;)] with probability \; (30)
| Nlps(e;), 03%(e;)] with probability 1 — A;

where g; = (8;, 7, \i),

* 52 1-— )\z‘ "
pile) = ( ) k(o) =
V18NN

14+ X(1—X)o?

*2 _ *2 N\ — o *2 )
o1 (@) = N+ (L= N and  057(0;) = 01" (0;)-

B OiNi
V12N - N)

Thus, we can interpret s; as the ratio of the two variances and §; as the parameter that regulates
the distance between the means of the two underlying components.'?
As a consequence, the contribution of observation (i,t) to the pseudo log-likelihood function

will be

le7(0); @] = n{X; - 9[e7,(0); i (e;), 717 (€3)] + (L = i) - d[1(0); 13 (1), 05 ()]}

where ¢(e; i1, 0%) denotes the pdf of a Gaussian random variable with mean p and variance o2

evaluated at €. We jointly maximise the log-likelihood with respect to the N elements of 7,

12We can trivially extend this procedure to three or more components if we replace the normal random variable
in the first branch of (30) by a k-component normal mixture with mean and variance given by u} (@) and ¢3%(o),
respectively, so that the resulting random variable will be a (k + 1)-component Gaussian mixture with zero mean
and unit variance.
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the N? elements of A, the N? elements of C, and the 3N shape parameters. Without loss of
generality, we also restrict »; € (0,00) which in turn ensures the strict positivity of o32(g;).
Finally, we impose A; € (0,1) to avoid degenerate mixtures.!'3

We maximise the log-likelihood subject to these constraints on the shape parameters using a
derivative-based quasi-Newton algorithm, which converges quadratically in the neighbourhood
of the optimum.' To exploit this property, we start the iterations by obtaining consistent
initial estimators as follows. First, we compute OLS estimates of the VAR parameters T and
a, Tors and aprg. We then apply the FastICA'® algorithm of Givert, Hurri, Sireld, and
Hyviirinen to the residuals y; — Tors — Aorsyi—1, obtaining Crrca. Finally, we obtain initial
values of the shape parameters of each shock by performing 20 iterations of the expectation
maximisation (EM) algorithm in Dempster, Laird and Rubin (1977) on each of the elements of
ElrIcA = Crica (yt — Tors — AoLsyi—1).*"

As we mentioned before, Assumption 1 only guarantees the identification of C up to sign
changes and column permutations. We systematically choose a unique global maximum from the
different observationally equivalent permutations and sign changes of the columns of the matrix
C using the selection procedure suggested by Ilmonen and Paindaveine (2011) and adopted by
Lanne et al. (2017). In addition, we impose that diag(C) is positive by simply changing the
sign of all the elements of the relevant columns. Naturally, we apply the necessary changes to

the shape parameters estimates, and in particular to the sign of §;. In any event, our tests are

not numerically affected by these choices.

5.1.2 DGPs under the null and the alternative

The DGPs for the standardised shocks that we consider under the null of independence are:

DGp 0: In the bivariate case, €7, follows a Student ¢ with 10 degrees of freedom (and kurtosis
coefficient equal to 4), and €3, is generated as an asymmetric ¢ with kurtosis and skewness
coefficients equal to 4 and —.5, respectively, so that § = —1.354 and v = 18.718 in the
notation of Mencia and Sentana (2012). These first two shocks share the same distributions
in the trivariate case, while 3, follows an asymmetric ¢ with the same kurtosis but opposite

skewness coefficient as €3,.

3Specifically, we impose »; € [, 1] with 3 = .0001, and \; € [\, A] with A =2/T and A =1 —2/T.

1 This maximization can be made effectively unconstrained by a suitable reparametrisation. In particular, we
consider A = 2/T + (1 — 4/T)(1 + e "*")~1 and 3 = 3 + e 2% where hy and hy are arbitrary constants that
control the slope of the functions, which we set to 1.

'5See Hyviirinen (1999) and hitps://research.ics.aalto.fi/ica/fastica/ for details on the FastICA package.

16 As is well known, the EM algorithm progresses very quickly in early iterations but tends to slow down
significantly as it gets close to the optimum. After some experimentation, we found that 20 iterations achieves
the right balance between CPU time and convergence of the parameters.

17



In turn, we simulate from the following three standardised joint distributions under the

alternative of cross-sectionally dependent shocks:

Dcp 1: Standardised scale mixture of two zero mean normals with scalar covariance matrices in
which the higher variance component has probability A = 0.8 and the ratio of the two

variances is sz = 0.05.

DaGp 2: Multivariate discrete mixture of two normals with parameters

0.5 02 0 0
0y = ( _82 > and Ny = ( 8; 002 > ,ordz3= [ -05 | andNg=1| 0.2 02 0
' - 0 02 02 0.2

for the bivariate and trivariate cases, respectively. In both cases, the mixing probability is

set to A = 0.7 (see Appendix D in Amengual, Fiorentini and Sentana (2023) for details).

DcaP 3: Asymmetric Student ¢ with skewness vector 3 = —10€ and degrees of freedom parameter

v =12.

Panels A-D of Figure 2 display the contours of the copula densities associated to DGP 0-3

in the bivariate case.

5.1.3 Resampling procedures

We follow Matteson and Tsay (2017) and Davis and Ng (2023) in reshuffling the estimated
standardised residuals as follows. For each Monte Carlo sample, we generate another B samples
of size T' that impose the null by generating NT' draws R;s from random permutations of the

vector (1,...,T) independently drawn for each shock, which we then use to construct

Vs =71+ Arys_ 1 + Cré?s,

~

where &}, = &/ and & = ¢;(0r) = C;'(yi —#1 — Ary;_1) are the estimated residuals in said

Monte Carlo sample.!”

5.1.4 Simulation results

To gauge the finite sample size and power of our proposed independence tests, we generate
10,000 samples for the designs under the null and 2,500 for those under the alternative. For
each sample, we also compute B = 99 random permutation samples that impose the null to

obtain resampling critical values, as explained in the previous subsection.

"Two implications of this approach is that the marginal empirical cdfs do not include jumps of size bigger
than 1/T and that the tails of the shocks are the same in the actual and simulated data (see e.g. Camponovo,
Scaillet and Trojani (2012) for the effects that influential observations may have on the reliability of resampling
procedures).
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In Table 1 we report the results on the finite sample size of the independence tests proposed in
sections 3 and 4 for T = 250 and T' = 1,000 in the bivariate case, and T" = 250 in the trivariate
one. As can be observed, overall, the size of the tests is quite accurate and the resampling
procedures tend to adjust the slight size distortions of the discrete grid test when T' = 250. In
particular, the Monte Carlo rejection rates are not significantly different from the nominal ones
in any of the cases, although the continuous grid test with N = 3 and T' = 250 is moderately
undersized. Interestingly, the size of the quantile-based discrete grid test does not deteriorate
when the dimension of the partition becomes larger. For example, when N = 3 and H = 5,
the size of the test is acceptable when T' = 250 even though it is effectively based on H? = 125
moment conditions. Remarkably, the continuous grid test is not very sensitive to the choice of
the regularisation parameter « either, with stable results over the interval of values we have
experimented with, namely a € [le=® 1e78].

In turn, Tables 2, 3 and 4 display the simulation results on finite sample power for the three
other DGPs in section 5.1.2. For comparison, we have also included the power of the integer
moment tests based on the influence functions (3) in Amengual, Fiorentini and Sentana (2022),
the Kolmogorov-Smirnov (KS) test that imposes the independent copula under the null, like in
Blum, Kiefer and Rosenblat (1961), and the normalised marginal ranks version of the Matteson
and Tsay (2017) (MT) test.

Under DGP 1 (scale mixtures of normals), our contingency table tests with estimated quan-
tiles have substantially more power than the tests based on integer cross-moments of third- and
fourth-order. When T' = 250 and N = 2, the discrete grid test is better than the continuous
one when H < 3, but it becomes worse for larger values of H. The discrete grid test is also
the best for T' = 250 and N = 3 or T' = 1,000 and N = 2. In contrast, the tests based on
integer cross moments largely fails to detect the dependence among the structural components
when T' = 250, and only displays limited power for 7' = 1,000. The MT and KS tests have little
power when the sample size is small (7" = 250) but their performance improves substantially
when T' = 1,000 even though they both underperform our proposed tests.

When the true distribution is a mixture of two multivariate Gaussian components (DGP 2),
the power of the continuous grid test is very close to 1 in all cases. Still, the discrete grid test
performs very well, especially when H > 3. The integer moment test is again the worst, as
it only has an acceptable power when 7' = 1,000. The MT test also performs very well in all
cases, but it is slightly worse than the continuous grid test. In turn, the power of the KS test
deteriorates for N = 3.

Under Dap 3 (asymmetric Student ¢), the integer moment and MT tests are the most
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powerful, with most of the power of the former coming from the co-skewness component. This
is perhaps not surprising given that the influence functions that this test uses coincide with the
ones underlying the LM tests for a Gaussian copula with arbitrary correlation, which includes
the independent one, versus an asymmetric Student ¢ copula in Amengual and Sentana (2020).
Nevertheless, the continuous grid test performs reasonably well and it is better than the discrete
grid version, whose performance is similar to the one of the KS test. When T" = 1,000, all tests
have power close to one.

Finally, notice that the power of the tests is larger in the trivariate case than in the bivariate
one except for KS, a fact that is most evident for the continuous grid test, which is the best
overall. From the computational point of view, though, the cross-moment tests and the finite

grid tests are the fastest, especially for large T

6 Empirical application to volatility indices

We consider the same three series of market-based implied volatilities that Fiorentini and
Sentana (2023) used, namely the VIX index, the EVZ EuroCurrency ETF volatility index and
the GVZ Gold ETF volatility index. They represent three of the most actively traded asset
classes, namely stocks, exchange rates and commodities, and since their inception have become
incredibly popular among academics, financial market practitioners and commentators. Our
sample spans from January 7th, 2009 to June 21st, 2023, a total of 753 weekly observations.'®

Let x; = (zgvzt, TEvZe, Tvix,e) denote the log-transformation of these volatility indexes,
which we depict in Figure 3a. As can be seen, they show mean reversion over the long run
but persistent deviations from the mean during extended periods. We can also identify specific
events, such as various phases of the European Sovereign Debt crises, the February 2018 scare
or the onset of the CoviD-19 pandemic.

To study the dynamic linkages between them, we estimate the following trivariate SVAR(2)

model
.068 906 -.002 -.006 068 .014 —.011 .090 .011 .024
(.031) (.037)  (.035) (.024) (.037)  (.035)  (.024) (.004) (.004) (.004)
135 137 664 .043 -122 .266  -.033 030 .090 .032 1] .,
Yt=|(o32) | T|(039) (036) (024) | Yt—1T[(038) (036) (025 | Yt—2F|(004) (005) (.004) |Et
.146 155 -.045 .663 -.126  .082 227 023 .016 .141
(.045) (.055) (.051) (.035) (.054) (.051)  (.035) (.006)  (.006) (.006)

whose lag length we selected by looking at the Akaike information criterion and the likelihood

'8 The series, which are compiled by the Chicago Board of Options Exchange (CBOE), can be freely downloaded
from the St. Louis FRED site. To minimise the effect of holidays, we focus on Wednesday observations, filling
forward the previous day data when they are not available.
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ratio test for lack of residual serial correlation.

As in the Monte Carlo section, we consistently estimate (7, a, ¢, @) by PML assuming that
the structural shocks follow a two-component normal mixture, or ¢, ~ i.i.d. DM N (J;, ki,\i)
for short. For initial values, once again we run OLS regressions for each of the three variables
(7 and a), apply the fastICA routine to the OLS residuals (c), and finally, employ the EM
algorithm for the mixture parameters p.

The estimated structural shocks are shown in Figure 3b. Reassuringly, they appear to be
serially 4.7.d. but highly non-normal. Specifically, their skewness and excess kurtosis coefficients
are (0.095,1.134,1.248) and (1.200, 3.901, 4.027), respectively, which are highly significantly dif-
ferent from 0.

If we use the “unmixing” matrix C~! to interpret the shocks as “long/short portfolios” of the
one-period ahead prediction errors, we find that each of them “invests” approximately between
133 and 187% on one of the reduced form shocks and between -13 and -54% on each of the other
two.! We can get a more standard interpretation by looking at the IRFs and FEVDs up to
a year ahead depicted in Figure 4. The strong persistence implied by the SVAR(2) parameter
estimates implies that all the IRFs decay rather slowly. As can be seen, each series reacts mostly
to one shock. Nevertheless, they also react significantly to the other ones, especially in the case
of the Gold volatility index and to some extent the VIX.

The main objective of our empirical exercise, though, is to assess whether the structural
shocks are stochastically independent. In this respect, the different test procedures that we
have considered fail to reject the null hypothesis, with the exception of the co-skewness and
co-kurtosis tests in Amengual, Fiorentini and Sentana (2022). Nevertheless, this rejection seems
to be closely associated to the unusual behaviour of the three series at the onset of the CoviID-
19 pandemic (see Ng (2021) for a discussion of pandemic shocks in macroeconometric models).
Specifically, if we remove two additive outliers from the observations on the three series for
March 11 and 18, 2020, using the procedures in Chen and Liu (1993), the integer moment tests
no longer reject. In contrast, the quantile-based independence tests that we have proposed in
this paper, and indeed the MT and KS tests, seem far more robust to the presence of these

unusual observations.

7 Conclusions and directions for further research

Identification of SVAR models through independent non-Gaussian shocks is a very power-

ful tool. At the same time, it is not without concerns, as forcefully argued by Montiel-Olea,

98 pecifically, the (normalised) rows of C™* are (1.33, -0.13, -0.20), (-0.53, 1.87, -0.33) and (-0.31, -0.23, 1.55).
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Plagborg-Mgller and Qian (2022). In particular, given that the parametric identification of the
structural shocks and their impact coefficients C in the SVAR model in (2) critically hinges on
the validity of the identifying restrictions in Assumption 1, as we illustrated in section 5.3 of
Amengual, Fiorentini and Sentana (2022), it would be desirable that empirical researchers esti-
mating those models reported specification tests that checked those assumptions to increase the
empirical credibility of their findings. The specification tests that we propose in this paper can
be very useful in this respect.

Our tests effectively check that the joint distribution function of some or all of the structural
shocks is the product of their marginal distribution functions. We do so first for a finite grid of
values for the arguments of the distribution functions, explicitly relating our proposed test to
Pearson’s test for independence in contingency tables. But then we extend them to a continuum
of values, which results in consistent tests different from the existing ones in the literature.
Importantly, we explicitly consider the sampling variability resulting from using shocks computed
with consistent parameter estimators. We study the finite sample size of our tests in several
simulation exercises and discuss some resampling procedures. We also show that our tests have
non-negligible power against a variety of empirically plausible alternatives.

Finally, we fail to reject independence of the shocks in an application to three volatility
indices, while simultaneously highlighting the lack of robustness of tests based on third- and
fourth-order cross-moments to the unusual observations right at the beginning of the Covinp-19
pandemic.

Most of the existing empirical applications that rely on cross-sectionally independent shocks
make use of estimators for the parameters of the static IcA model (1) or the dynamic SVAR (2)
which differ from the ones we have considered in this paper. In this respect, the fact that the
only parameters whose sampling variability matter for our discrete or continuous grid copula-
based tests are the off-diagonal elements of C, combined with Proposition 1 in Fiorentini and
Sentana (2023), which says that if we reparametrise C = J¥, with ¥ a diagonal matrix whose
elements contain the scale of the structural shocks, then a and the off-diagonal elements of J will
be consistently estimated even if we do not rely on finite Gaussian mixtures, implies that our
tests would continue to be valid for models estimated with alternative marginal distributions of
the shocks. Obviously, the asymptotic covariance matrices that take into account their sampling
variability will depend on the specific estimation method used.

The numerical invariance of our tests to the estimators of 7 and the diagonal of ¥ also
suggests that our approach may be robust (in the statistical sense of the word) to the presence

of outliers in shocks with fat tails, which will affect mostly the estimation of the mean parameters
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and the scale of the shocks rather than their quantiles. Studying this issue in more detail along
the lines of Davis and Ng (2023) constitutes an interesting topic for further research.

The moment conditions that we consider for testing independence could also form the basis
of a GMM estimation procedure for the model parameters 8 along the lines of Lanne and Luoto
(2021), although with either a much larger but finite set of moments or a continuum of them.
The overidentification restrictions tests obtained as a by product of such procedures could be
used as a specification test of the assumed cross-sectional independence assumption.

Similarly, we could consider related tests of independence that exploit the fact that the
joint characteristic function is the product of the marginal characteristic functions under the
independence null, along the lines of Csorgé (1985), but using an overidentification test for a
continuum of moment conditions, as in Amengual, Carrasco and Sentana (2020), rather than
the Cramér-von Mises and Kolmogorov-Smirnov functionals that he used.

The behaviour of our proposed tests in the other extreme case in which the true joint dis-
tribution of the shocks is Gaussian is also of interest. If the parameters in @ were known, our
independence test will continue to work without any problem, as the assumption of mutually
independent shocks will be automatically guaranteed by the combination of multivariate nor-
mality with the orthogonality of the shocks. However, the parameters in C will no longer be
identified, which will affect the distribution of their estimators, as Hoesch, Lee and Mesters
(2022) have recently shown. The extent to which this will also affect the independence tests
remains unknown.

Finally, it should also be of interest to apply our independence tests to the shocks of SVAR
models identified using some of the more traditional methods mentioned in the introduction,
even when they have been estimated by Gaussian PMLE. The reason is that most of the the-
oretical macroeconomic models that justify those identifying strategies implicitly assume the
independence of the underlying economic shocks. We are currently pursuing some of these

research avenues.
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Appendix
Proofs of Propositions
Preliminaries
Given that

O(ook) (i) _ ODk(e}) _ S
Oe?, Oe?, {eh =k

where 0.y denotes the Dirac delta function, we have

N oplE)]
o [Pty

This is due to the fact that 1(_ y) (¢}) is a shifted and flipped Heaviside step function, i.e. the
indicator function of the one-dimensional positive half-line, whose distributional derivative is

equal to the Dirac delta function. Specifically, since 1(g o) (%) = d(x) and

/ " b(@) fi(@)dz = £(0),

then
Eo[d(x i3] = fi(k).

We will also exploit the related fact that

Eolej0(er, —xy) = kfi(k).
Proposition 1

Regardless of the independence between the shocks, we have that, first,

h;
Fy(kn,) = Pr(e}, < kn,) = Y Pr(kj,1 < fy < kj,),
Ji=1

~ 01

which implies that the 4" will be replaced by the values of the empirical cdf at the chosen grid

points, say 4j; and second,

hq
Fk(kh“khim ""khi“) = PI‘ [ﬂ {82} S khz}] = Z Z PI‘ [ﬂ {kjl-—l S E;:t S ka.} .

ieM €M j;=1 e M

In addition, it is also easy to see that under the independence null

Fk(khia khim L) khim) =Pr

hi
ﬂ {eir < khz}] = H Z Pr(kji—l <ep < k]v) = H Fl<khz>

ieM €M | ji=1 e M
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because

ﬂ {kji1 <&l <k;}| = H Pr(kj,_1 <&}, <kj,) Vi€ M and Vkj,,j € H,
ieM ieM

whence the result follows. O

Proposition 2

To simplify the notation, in what follows let u; = u}lz and v; = ulh, Regarding part a),

linearising the influence function (10) when the kp,’s are fixed yields

VT [i(kn,) Zl( oo,kn,) (€it) — i + 0p(1),

while for the influence function (11), we have that

Hl ookh) zt HUZ]:— H (7

€M ' eM i’ #i

9
8ui

E[p(etak u

Thus, it is clear that (12) is the linearised influence function that takes into account the estima-
tion of w;, for i € M. Analogously, when w;’s are fixed, linearising the influence function (10)

that defines 7;(u;) yields

1

VT Balus) = sa(w)] = s

\/* T
T Z —oosei(ui)) (Eit) — wi | +op(1),

while

H L (o052 (us)) H Uz] = H uy | B [61(00752?))(5%)]

*i iem ieM i'EM i i

= [T wr | filau).

i'EM.,i'#i

for (11). Then, the result follows by choosing the limits of the intervals kfl’s so that they exactly

match the theoretical quantiles s (up)’s.
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As for part b), we have to compute

Elmiy(u)m(v')] = E H (oo k) (Eit) — H uz] H L oo k) (€jt) — H U

Lie M ieM jeM jeM

—-F [H 1 oo kh H Uz] { Z [ oo,kh].)(s;t) - u;}
| LieM ieM JEM

B3 [lsonpE@) =] TT wrp | TT 1 oo, e
L ieM i €M i’ #i JjEM

22RO D T EART I |
| Liemt i €Ml i

R DI LIERSICAET I |
JjeEM J'eM.j'#j

Regarding the first term,

E Hl( ook:h] zt Huzl Hl —00,kn] Hu
LieM ieM jeM jEM
= 5 [Tt | TT 1m0 (H) 1+
Lic M JjeM ieM jeM

II

1eM

1

(1

H min(u;, u) + H u;u

vj) [g 1<oo,khi}(5ft)] } - { (

-2 H uzu;

€M €M €M
= H InlIl Ul, 7, H U; U 7,7
ieM ieM

uz> H 1(7oo,khj} (e
jEM

!
H s

JeM,j'#j

=114

JEM

i

*
jt

)

where the second equality follows from expanding the product, and the last one from the fact

that
E[l(_oqkhi)(s;‘t)] =, for i € M,

and

E[l(—OO,khi)(E:t)l(—m,kh()(sjt)] = min(ui, ’LL{L) for i € M.
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Similarly, the second term becomes

nu_w,kh,(e:a—nui] S [mipen-u] T

ieM ieM jeM J'EM, 5]

= -2 F H1<_oo,khi><e;;>] 1o —w] TI
ieM

icM i'eM.i'#i

= MHuiug—E min(w;, u;) H Uy H ul |,

ieM €M 'eM i’ #i i eEM i’ #i

-F

where the first equality follows from the fact that
B0y, (€5) —ui] =0 for i€ M, (A.2)

and the last one from (A.1). By symmetry, the third term is the same.

Finally,
AR DI TEICARITIIN | TS X DR TEICAOET I |
| LieMm T AEM,i'#i JEM JEM,j'#j
= E Z[l(_oo,khi](ﬁt)*ui T w [1(_oo,kh(}(5ft)*ué] I
| Liem T ieMi'#i ' i EM,i' #i

= E min (u;, u) H Wir H s —MHuiu;,

ieM i€ M.i'#i i€ M,i'#i ieM
where we have used (A.2) in the first equality and (A.1) in the second one.
Collecting the four terms, we finally get the desired result. O

Proposition 3

It follows from Proposition 1 in Amengual, Fiorentini and Sentana (2022), and Lemmas 1

and 2 in Supplemental Appendix B. O

Proposition 4

Let uj; denote the vector containing all the u;’s such that ¢ € M. Using the independence

copula as weighting function, so that w(u) = 1 Yu, we have to compute

<Qt7q$>:/[ ] ¢ (upnr) gs (upr) dupy,
0,1]M
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with
at (uM) ds (ll H 1(0 u;) Ezt (0,u) Ezs H u;l (0,u;) ezt H uzl(ou 615 + H Uy,
€M €M €M €M
where we have used (19) evaluated at the observations ¢ and s. Next, we need to compute the
integrals for each of the four terms of the right-hand side of (A.3). Regarding the first term,

under the independence null,

1
/[ ] [H 1(0 u;) Ezt)l(ou )(EZS)] duM = H [/ l(o,ui)(max{eit, 615})dul:|
0,1 0

€M

-

€M

1
/ duZ-] = H [1 — max(e, €5)] = di1(€, €s).

max{€jt,€is } ieM

As for the second and third ones,

1
/[ ] [H 1(0,u¢)(€it)ui] duy =[] [/ 1(0,u¢)(€it)uidui]
0,1]™ 0

€M ieM
1 1 M
= H [/u uidul} = <2> H (1-— e?t) = da(er),
ieM it €M

Next, integrating the fourth term,

/[om (H“ ) dan :L\IJ </01U?dui> = <;>mzd3.

Finally, collecting them in dys = dy (€, €5) — da(€) — da(€s) + d3 delivers the desired result. O

Proposition 5

It follows from Proposition 4 and Lemma 3 in Supplemental Appendix B. O
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Table 1: Monte Carlo size of independence tests based on quantiles

Discrete grid tests

Continuous grid tests

Asymptotic Resampling Resampling
critical values critical values critical values
10% 5% 1% 10% 5% 1% 10% 5% 1%
Panel A: N =2, T = 250
H=2 84 4.0 0.6 92 46 0.7 a=10"° 96 44 0.8
H=3 84 4.0 09 9.2 45 0.8 a=10"° 94 45 0.8
H=14 81 4.0 0.7 8.8 4.3 0.9 a=10""7 94 45 0.9
H=5 86 44 08 92 44 0.8 a=10"% 93 45 0.9
Panel B: N =3, T = 250
H=2 80 3.7 0.7 89 4.1 0.9 a=107" 82 38 0.6
H=3 82 3.8 08 9.2 43 0.9 a=10"" 83 38 0.7
H=4 83 38 0.7 9.3 44 0.8 a=10"7 80 4.1 0.7
H=5 85 4.1 09 95 45 0.9 a=10"8 80 4.1 0.7
Panel C: N =2, T = 1,000
H=2 9.8 4.7 1.0 10.1 49 1.1 a=10"° 10.7 54 1.2
H=3 9.2 43 09 94 48 0.9 a=10" 10.7 5.5 1.3
H=1 9.7 5.0 1.0 102 5.3 1.1 a=10""7 106 5.5 1.2
H=5 9.6 4.6 0.8 10.3 5.2 1.0 a=10"% 106 54 1.2

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 10,000 replications.
Details on the data generating processes: Dap 0: e, follows a Student ¢ with 10 degrees of freedom
(and kurtosis coefficient equal to 4), and 3, is generated as an asymmetric ¢ with kurtosis and skewness
coeflicients equal to 4 and —.5, respectively; in addition, in the trivariate case ¢3, follows an asymmetric
t with the same kurtosis but opposite skewness coefficient as €5,. See sections 3 and 4 for a detailed
description of the discrete and continuous grid test statistics, respectively. The asymptotic distribution
of the discrete grid test is chi-squared with H” degrees of freedom. See section 5.1.3 for a description of

the resampling procedures used for the discrete and continuous grid test statistics.
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Table 2: Monte Carlo power of independence tests DGP 1: Scale mixture of two normals.

T = 250 T = 250 T = 1,000

10% 5% 1% 10% 5% 1% 10% 5% 1%

Panel A: Discrete grid tests

H=2 62.3 48.2 22.0 88.2 82.6 62.9 100.0 100.0 99.6
H=3 54.8 414 164 90.8 84.3 614 100.0  99.9 99.2
H=14 378 244 8.6 71.7 58.8 30.2 99.8 99.6 96.1
H=5 36.6 23.0 7.1 61.6 46.2 228 99.8 99.7 96.7
Panel B: Continuous grid tests
a=107" 48.2 35.0 124 69.3 54.5 24.2 99.5 98.5 91.1
a=10"6 46.5 33.0 11.7 68.5 53.9 23.3 98.6  96.7 83.5
a=10"" 459 32.3 115 67.6 53.6 23.3 97.6  95.3 79.9

a=10"8 45.7 322 114 66.9 519 21.6 974 948 784

Panel C: Integer moment tests

Co-cov 82 3.7 08 96 50 1.3 11.3 6.0 1.2
Co-skew 94 44 06 96 47 1.0 11.6 6.0 1.5
Co-kurt 143 80 1.7 132 72 1.3 504  36.8 15.7
Joint 126 7.0 1.3 128 6.7 1.2 41.7 303 124

Panel D: Other tests
MT 15.1 7.2 1.0 19.6 9.0 1.6 99.8 98.4 72.2
KS 189 9.6 2.0 11.3 57 1.0 82.0 69.9 36.1

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 2,500 replications.
Details on the data generating process DGp 1: Standardised scale mixture of two zero mean normals
—with scalar covariance matrix— in which the higher variance component has probability A = 0.2 and the
ratio of the variances is > = 0.05. For Panels A and B, see sections 3 and 4 for a detailed description
of the discrete and continuous grid test statistics, respectively, and Amengual, Fiorentini and Sentana
(2022) for a description of the integer moment tests in Panel C. In Panel D, MT and KS denote the
Matteson and Tsay (2017) and Kolmogorov-Smirnov testing procedures, respectively. See section 5.1.3
for a description of the resampling procedures we used for discrete and continuous grid test statistics.
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Table 3: Monte Carlo power of independence tests DGP 2: Finite normal mixture.

T =250 T =250 T = 1,000

10% 5% 1% 10% 5% 1% 10% 5% 1%

Panel A: Discrete grid tests
2 70.0 58.6 325 90.0 82.6 61.1 100.0 99.7 974
3 89.3 81.7 55.1 98.1 96.2 86.3 100.0 100.0 100.0
=4 91.6 85.2 62.2 99.2 98.1 90.3 100.0 100.0 100.0
5 90.4 81.9 56.1 98.4 96.1 83.0 100.0 100.0 100.0

Panel B: Continuous grid tests
a=10""° 95.7 91.6 T72.1 99.6 99.0 93.1 100.0 100.0 100.0
a=10"° 95.0 90.1 69.8 99.6 98.8 92.7 100.0 100.0 100.0
a=10"" 94.7 90.0 69.8 99.6 98.7 92.6 100.0 100.0 100.0
a=10"8 94.7 90.1 69.7 99.3 98.6 91.9 100.0 100.0 100.0

Panel C: Integer moment tests

Cov 28.7 198 84 33.2 231 9.0 339 260 144
Co-skew 327 213 7.7 388 25.8 94 84.4 76.0 H3.4
Co-kurt 28.8 178 5.2 386 263 8.1 80.4 719 40.2
Joint 36.2 234 7.2 45.5 30.7 8.7 92.2 855 582

Panel D: Other tests
MT 89.7 79.9 48.2 95.3 89.1 59.7 100.0 100.0 100.0
KS 76.2 655 40.4 28.6 16.8 4.5 99.9 99.9 985

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 2,500 replications.
Details on the data generating process DGP 2: Multivariate discrete mixture of two normals with mixing
probability A = 0.7, relative-means difference d3 = (0.5,-0.5,0)" and relative-covariance difference such
that N3 is lower triangular with vech(N3) = 0.2€g (see Appendix D in Amengual, Fiorentini and Sentana
(2023) for details). For Panels A and B, see sections 3 and 4 for a detailed description of the discrete
and continuous grid test statistics, respectively, and Amengual, Fiorentini and Sentana (2022) for a
description of the integer moment tests in Panel C. In Panel D, MT and KS denote the Matteson and
Tsay (2017) and Kolmogorov-Smirnov testing procedures, respectively. See section 5.1.3 for a description
of the resampling procedures we used for discrete and continuous grid test statistics.
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Table 4: Monte Carlo power of independence test: DGP 3: Asymmetric Student ¢.

T = 250 T = 250 T = 1,000

10% 5% 1% 10% 5% 1% 10% 5% 1%

Panel A: Discrete grid tests

H=2 29.5 190 6.2 244 152 2.0 87.1 784 534
H=3 349 230 7.0 196 11.2 2.8 95.1 90.2 72.6
H=14 33.5 223 7.6 204 10.8 2.8 97.2 934 78.6
H=5 33.5 21.1 6.3 16.8 9.6 1.2 96.6 93.6 78.4
Panel B: Continuous grid tests
a=10"° 43.8 30.8 12.3 57.6 40.0 164 95.3 922 749
a=10"6 439 30.1 12.1 58.4 44.4 20.0 94.1 89.8 69.3
a=10"" 43.1 29.8 12.1 58.8 47.2 204 93.5 88.7 67.6

a=10"8 429 29.8 11.8 58.4 452 21.2 93.5 88.8 67.0

Panel C: Integer moment tests

Cov 62.0 54.2 334 78.8 68.4 488 85.8 822 735
Co-skew 89.1 809 52.5 94.8 884 69.2 100.0 100.0 99.6
Co-kurt 60.4 48.8 23.0 73.2 66.4 408 95.7 91.1 70.4
Joint 84.2 67.7 26.0 94.0 784 43.2 100.0 100.0 96.3

Panel D: Other tests
MT 70.4 583 29.6 76.0 63.2 324 100.0 100.0 99.7
KS 344 21.7 6.1 32.8 156 2.8 97.2 924 67.7

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 2,500 replications.
Details on the data generating process DGP 3: Asymmetric Student ¢ with skewness vector 8 = —10€y
and degrees of freedom parameter v = 12 (see Mencia and Sentana (2012) for details). For panels A
and B, see sections 3 and 4 for a detailed description of the discrete and continuous grid test statistics,
respectively, and Amengual, Fiorentini and Sentana (2022) for a description of the integer moment tests
in Panel C. In Panel D, MT and KS denote the Matteson and Tsay (2017) and Kolmogorov-Smirnov
testing procedures, respectively. See section 5.1.3 for a description of the sampling procedure we used for
discrete and continuous grid test statistics.

36



Figure 1: Copula contours for spherically symmetric, Hermite polynomial expansions of

bivariate normal

Figure la: do = 0 and d3 = —0.35
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Notes: The copula density is given by

SolFy N (uasda, ds), Fy ' (ug; da, ds); da, ds]
FIFT s do, ds); do, d3) f1[Fy  (uz; da, d3); da, ds)
where f; and fo denote the densities of spherically symmetric univariate and bivariate Hermite expansions

of univariate and bivariate Gaussian distributions, respectively, which are obtained as Laguerre expansions
of the corresponding generating y% random variates ¢, namely

c(uy, ug;do, ds) =

1 N/2-1 1
hn(s) = W(N/Q)gt exp <—§§> Py(s), for N=1and N =2,
and where Py(s) = [1 +dapnja—1,2() + dgpN/g,l’g(g)] , with py/2—1,;(.) denoting the generalized La-
guerre polynomial of order j and parameter N/2 — 1 (see Amengual, Fiorentini and Sentana (2013) for
the detailed expressions). In turn, F; *(u; dz, ds) denotes the corresponding inverse cdf of the univariate
distribution.
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Figure 2: Bivariate copula contours associated to the DGPs in section 5

Figure 2a: Independence (DGP 0) Figure 2b: Scale mixture of normals (DGP 1)
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Notes: Details on the copula densities: DGP 0: &}, follows a Student ¢ with 10 degrees of freedom
(and kurtosis coefficient equal to 4), and €3, is generated as an asymmetric ¢ with kurtosis and skewness
coefficients equal to 4 and —.5, respectively; Dap 1: Standardised scale mixture of two zero mean normals
—with scalar covariance matrix— in which the higher variance component has probability A = 0.2 and the
ratio of the variances is > = 0.05; Dap 2: Multivariate discrete mixture of two normals with mixing
probability A = 0.7, relative-means difference §> = (0.5,-0.5)" and relative-covariance difference such that
Ny is lower triangular with vech(Rg) = 0.2€2 (see Appendix D in Amengual, Fiorentini and Sentana
(2023) for details); and DGpP 3: Asymmetric Student ¢ with skewness vector 3 = —10€y and degrees of
freedom parameter v = 12 (see Mencia and Sentana (2012) for details).
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A The test in practice

We recommend following these steps for computing the discrete grid test statistics in a

given sample:

1. Estimate the model by non-Gaussian PMLE assuming that the shocks follow indepen-
dent univariate finite Gaussian mixtures, and compute the estimated structural residuals
e%(07)’s evaluated at the PMLEs 7 using expression (4) for the unique ordering and
signs of the matrix C obtained using the selection procedure suggested by Ilmonen and
Paindaveine (2011) and adopted by Lanne et al. (2017). Importantly, the fact the struc-
tural shocks are only identified up to permutations is numerically irrelevant for the test
statistic as long as one uses the same quantile grid for all of them since they only affect
their labelling. Similarly, a change in the sign of one shock is also numerically irrelevant
as long as one adjusts its quantiles accordingly. In fact, there is no need for such an ad-
justment if one uses equally spaced quantiles (say terciles, quartiles or quintiles) for all
shocks.

2. For the ¢ version of the test, partition the [0,1] interval with knots (0,u1,ug,...,ug, 1),

where up = % (2h — 1) H~! in the equally-spaced case, and obtain the corresponding mar-
ginal quantiles of each estimated shock €%, (67), namely [ki1 (u1), ..., kg (ug)], i =1,..., N
using MATLAB’s linear interpolation method. One could then replace the w’s with the mar-
ginal empirical cdf of each shock computed at the estimated quantiles to take into account
the linear interpolation method, but this would generate slightly different partitions of the
unit interval for different shocks.
For the p version of the tests, define H points, k1 < --- < kp < --- < kp, together with
kg = —oo and kpy1 = oo, and estimate the marginal empirical cdf for each shock as
pin = T4 Zle I [5;}(9T) < kp]. One could then replace kj with its marginal empirical
quantile at the estimated p;; for each shock using MATLAB’s linear interpolation method,
but again this would generate slightly different partitions of the real line for different
shocks.

3. For the q version, estimate the joint cdf at the Cartesian product of the empirical quantiles
as qij = TV 20 T[e5(07) < Ein(un);. .., 4,(07) < kas (upy)], while for the p version
do the same but evaluate them at the N-ary Cartesian product of (ki,...,kg)’.

4. Compute the HY influence functions underlying the test as the difference between the
joint and the product of the marginal empirical cdfs.

5. Compute the HY x H matrix whose elements are given by (13).

6. Estimate the asymptotic covariance matrix of the score and the expected Hessian of the
pseudo log-likelihood function replacing the true values of the parameters 8y with 61 and
the expected values with sample averages in the expressions that appear in Appendices
C.3 and C.4, respectively, including (C33)-(C38) and (C39)-(C44), and use them in the



sandwich formula A~'BA, retaining the N x N blocks corresponding to the elements of
vec(C). The consistency of the estimators of A and B follows from Lemma 4.3 in Newey
and McFadden (1994), while that of A~!BA from their Theorem 4.1.

7. Estimate the HY x N expected Jacobian matrix of the influence functions with respect
to the elements of vec(C) replacing the true values of the parameters 8y with 01 and the
expected values with sample averages in the expressions in Lemma 1, using Silverman’s
(1986) robust rule-of-thumb bandwidth to obtain Gaussian kernel estimates of the true
density of the shocks that appear in expression (B1). Despite involving the indicator
function, the consistency of this procedure follows once again from Lemma 4.3 in Newey
and McFadden (1994).

8. Estimate the HY x N asymptotic covariance matrix between the influence functions and
the scores with respect to the elements of vec(C) replacing the true values of the para-
meters 0y with @7 and the expected values with sample averages in the expressions that
appear in Lemma 2, including (B3)-(B9). As before, Lemma 4.3 in Newey and McFadden
(1994) guarantees the consistency of the resulting estimators despite the indicator function
appearing in the influence functions.

9. Combine these matrices to estimate WV using (15), and replace this estimated matrix in (14)
to obtain the discrete grid test statistic. Theorems 2.2 and 2.3 in Newey (1985) guarantee

the consistent estimation of YW and the asymptotic x? distribution of (14), respectively.

Given that the continuous grid test can be regarded as a regularised version of the discrete
grid test computed at the finest partition of the unit interval that remains meaningful when there
are T' observations, its computation shares several of the elements that we have just described.

Specifically:

1. Estimate the model by non-Gaussian PMLE assuming that the shocks follow indepen-
dent univariate finite Gaussian mixtures, and compute the estimated structural residuals
5;-kt(éT)’s evaluated at the PMLEs 87 using expression (4) for the unique ordering and signs
of the matrix C obtained using the selection procedure suggested by Ilmonen and Paindav-
eine (2011) and adopted by Lanne et al. (2017). The fact the structural shocks are only
identified up to permutations and sign changes is numerically irrelevant for the continuous
test statistic as it effectively depends on the homogeneous, equally-spaced “discrete” grid
up=52r-10)T L r=1,...,T.

2. Compute the empirical uniform ranks using expression (17) and use them to obtain the
elements of the T' x T matrix D in (25).

3. Estimate the T' x T' matrix C by replacing the integrals in (27) by sums over the empirical

~ ~ ~

cdfs of the shocks. Specifically, if we denote by €f(0) = [€}(0),...,€5:(0)] the vector

tth

containing the empirical ranks of the t"* observation of each of the estimated shocks that



B

appear in M, we can estimate the rank one matrix C as

T T
C=trly- Y Y J[€1(0), ... cni ()] A (O)B(O) A (8)j[e5: (), ... 5 (8)],
=1 7=l
where £7 is a vector of T' ones, while A(8), B() and e (8), ..., ¢":(8)] are the consistent
estimators that we mention in points 6 and 7 of the description of the discrete grid test,
with the latter evaluated at u, = 1 (27 —1)T717!, 7 = 1,...,T. Given that sums over

increasingly finer grids converge to the relevant integral, C will be consistent.

. Finally, we consistently estimate £ by adding up the consistent estimators of C and D,

which we then replace in expression (26) for a given choice of the regularization parameter
«. Interestingly, the fact that C is proportional to £r#€/}. implies that the expression (26)
is numerically unaffected if we replace the two £s that appear at the extremes of this

quadratic form with Ds.

Lemmata

Lemma 1 If model (2) satisfies Assumption 1, then the non-zero elements of the expected Ja-

cobian matriz of the linearised my(u) evaluated at Oy and the estimated values of ul in (10) are

given by

Imens () == 3 3 [T e | nu, fleu)), for i#7,  (BY)

PEM i €M,i'#i \i" €M " #i! £i

where Mh, = EO[E?tl(foo,%(ui))(Szt)] forie M.

Proof. From (12), we have that

amt(u)

E

9
a0 [H L—ooeu (€)= [ ] “”

00
i€M €M

0
o AP DL ESNCAETT I | IR

ieM i€ M,i'#i
a1(700 %(u))(g;kt) O¢;;
= > | T Heoomtun ()| [Li-oopeu(Eh) — ui] — ;-
ieM |i'eM,i'#i Oci; 99

Moreover, it is worth noticing that

923,(9) 2
9=7,(6) i :
Bt%a;- = —(yi;®c") forj=1,..,p, and
e CGLTa! (B2)



Therefore, under the independence null,

[

except for the off-diagonal elements of C, namely,

ey | OL(—ooe(u)) (€71) Og},
E Z Z 1(—007%(ui/)) (gi’t) de* ac/t
ieM \i'eM,i'#i it

* o1 —o00,x(u; (Ej) * i
= B3> | D Loostun(E) (Coou) t[st’(é’)@‘?']}

e’
ieM \i'=1,i'#i it

= — Z Z E H ]-(700,%(%-//))(8:”15)

i€M i €M, i' #i i"EM it #i! i

81(—00 %(u'))(é‘)}(t)
Ell S)enE a3 LA
X E[L(— oo, se(uy)) (Eire) €] [ oz,

= -y ¥ I we |, flee(w)]

iEM €M i #i \i" €M i #i'#i

(e;- ®c*)

where the first equality uses (B2), the second one follows from the cross-sectional independence

of the shocks, and the last one implicitly defines n,; = E[e},1 (oo s(u;)) (€]:)]- O

Lemma 2 If model (2) satisfies Assumption 1, then the non-zero elements of the covariance
matrix between the linearised influence function my(u) evaluated at Oy and the estimated values

of uﬁl in (10) with the pseudo log-likelihood scores evaluated at the pseudo true values ¢, is

given by
cov[mi(), 8¢, (oo )00, Vo] = E[Kinyt (@, v0)];
where
0
Z,(00) Z4 (0 0
Konildecrvn) = | 25000 200 D] | e gvn) |
a 0

where K, (000, V0) is a N? x 1 vector whose entries s = N(i — 1) +4' fori,i'’ =1,...,N are

alnf 5: 3 Qjco
Km,s(Qoo,Uo)Z—Z Z H Ugrr Ui/E{l(eftSn(ui))'(ag)‘ 90700},

ieMi'eM \i" €M i #i,i" #i! (

for i #1', and zero otherwise.

Proof. We start by computing the covariance of the influence functions underlying our test

with the pseudo log-likelihood scores evaluated at the pseudo true values ¢, namely

cov [mt(u)7 Sq')t(d)oo)‘em 'UO] = ]Cmu (d)oo? UO) = E[lcmut(qsooa UO)]



and
cov[mt(u), S¢t(¢oo)|00’ UO] = ICmu(¢OO’ UO) = E[Kmut((:boo? UO)]7

where

,C-lt(gooyv(])
(s v0) = [ Zzt(()eo) ZSE)HO) I(; ] K.st(0u0s v0)

IC~7"t(Qoo> UO)

Exploiting the cross-sectional independence of the shocks, we get for the mean parameters

aln 5*, 00
Kp (0o, V0) = —cov{mt(u),fggig)lao,vg}
OIn f(&}; Gioo
= —-F { 1(5;S%(u1))(861)' 007 UO} ) (Bg)
Oln f(el; 0i0
Kpi(arvn) = —con {magu), 22T g, 0
Oln f(e}; 000
= - H U E{l(e;g%(w))f(ag’ig)'ao,vo}, (B4)
i €M, #i i

and zero otherwise.

Similarly, K.s(0.,v0) is a N2 x 1 vector whose entries are such that for i with j; > 0,

* d1n 5;; 100 *
Kpisi (@ocs Vo) = —cov {p(et;k, u),1+ f(agig) " it 907’00}
Jdln 5*; 100 *
= -E { Ler,>kp,) [1 + f(agn;g) : 54 90700} ) (B5)
Oln f(e}}; 0iso) &
K (@seron) = —cov {1+ S 8) gy v}
* dln 52<§ 100 *
- H it E{gz’tl(sasm)'[“rf(agi S )‘84 90,vo}, (B6)
i€ M il #i i
dln 5*; 100 *
Kpal@sern) = o {1+ TSR E) o gy v

Oln f(e%; 0;
= - 11 Wit me{l(a;;gkhi) : W‘ Oo,vo}, (B7)
i€ M i 4,1 £ i
and zero otherwise.
Finally, i, (040, v0) = K}, vecd(I,), where Ky, another block diagonal matrix of order N x ¢
with typical block of size 1 x ¢;,

Oln f(e}; 000
Kprl@svn) = oo {myfu), 2L 80) g, 0,
g;
Oln f(€}; Oino



Ky (80, U0) Cov{mt<u),fmmmgmﬂ’90,vo}

o0,
alnf 5: 1 Qico
= [ w E{l(s;}szchi) ' 59’3)'90»“0} (B9)
i'eM,i'#i Q;

and zero otherwise, again because of the cross-sectional independence of the shocks and the fact
that E[01n f(e}y; 040)/02|00,v0] = 0.

Next, to obtain the covariance of the influence function evaluated at 68y and the estimated
values of uﬁL in (10) with the pseudo log-likelihood scores evaluated at the true values 8g, vg, we

can make use of (12) to write
cov[mi(u), ¢t(Poo) |00, vo] = cov{p(er; k, 1), s¢¢(o0) |00, vo} (B10)

ST T e | cov {pn(eh). ser(¢00)[60, o}

i€M \i'eM,i'#i

Then, substituting (B3) and (B4) into (B10), we get

cov[mi(u), $r4(¢o0)60, vo] = 0

and

CO'U[mt(u),Sajt(¢m)’007U0] = 0) for j = 17 - P

Similarly, substituting (B5) and (B6) into (B10), we get
cov[m(), Se;t(Poo)|00,v0] =0, for i=1,...,N;
and substituting (B8) and (B9) into (B10), we get
cov[m(u),8,.¢(hs)|00,v0] =0, fori=1,...,N.
Finally, substituting (B5) and (B7) into (B10), we get the result stated in the statement. [

Lemma 3 If model (2) satisfies Assumption 1, then the adjustment of the covariance operator

that accounts for the estimation of @ is given by (27).

Proof. From 1, the expected Jacobian with respect to @ of the influence functions linearised

with respect to the s¢’s can be written as
ony (ups
R RS DD SR (N | T EAY S0 T}
iEM i'eM il £i \i" €M, i #i'#i

where

t(unr) = [H L (00,52 (us)) H Ui | — Z — ooy (u)) (Eit) — ) H wy.

ieM ieM ieM i EM.i'#i



We are after

L. {mtusn) = £ |2 VI - 00) } {naturn) - £ | 25| VTG - 60 |

Let us consider each of the four terms separately. The first one, namely
/[ s s
0,1

is given in (13). Next, we have the cross-terms, which are of the form

B /[0,1}“ b [8”88(;’]‘4)} VT(6 — 6o)ne(urr)duns.

If we then use the fact that

T

\/T(é - 00) = \/T'A_l(qboo7 900)§9 + Op(l) = 'A_l(qboo; SOO)\Q—vT Z Sgt + OP(1)7

t=1

we can see that

1 Ons(upy) 3 ‘ T B
VT Joap ™ S (““ (@i o) ZSw) ne(uar)dury = 0p(1)

=1

because of the scaling factor 1/v/T and the fact that the £’s entering into sg,(¢) are asymp-
totically independent of the ones that appear in n(uy) and E [Ong(ups)/06']. Therefore, the
covariance of the linearised influence function with the pseudo log-likelihood scores evaluated at
the pseudo true values ¢, is asymptotically negligible.

Finally, regarding the last term, we obtain (27), as desired. O

C ML estimators with cross-sectionally independent shocks

In this appendix, we derive analytical expressions for the conditional variance of the score
and the expected value of the Hessian of SVAR models with cross-sectionally independent non-
Gaussian shocks when the distributions assumed for estimation purposes may well be misspeci-
fied, but all the parameters that characterise the conditional mean and covariance functions are
consistently estimated, as in the case of finite normal mixtures. Fiorentini and Sentana (2023)

consider the general case.

C.1 Log-likelihood, its score and Hessian

Given the linear mapping between structural shocks and reduced form innovations, the con-

tribution to the conditional log-likelihood function from observation ¢ will be given by

L(yt; ) = —In[C| +1[e14(0); 01] + ... + l[en(0); on], (C11)



where €(0) = C Yy — 7 — Ayyi—1 — ... — Apyi—p) and I(e};; 0;) = In f(g};; 0;) is the log of
the univariate density function of €},, which we assume twice continuously differentiable with
respect to both its arguments, although this is stronger than necessary, as the Laplace example
illustrates.

Let s¢(¢) denote the score function dly(¢)/d¢p, and partition it into two blocks, sg;(¢p) and
Set (), whose dimensions conform to those of 8 and g, respectively. Given that the mean vector

and covariance matrix of (2) conditional on I;_; are

() = THAyi1 4. F Ay, (Cl2a)
¥.(0) = CC, (C12b)

respectively, we can use the expressions in Supplemental Appendix D.1 of Fiorentini and Sentana

(2021) with 21/%(8) = C to show that

0
ody (0 oved (C 0
52 ) __ ”659( Joee(cVy = — |+ | vee(©V) = —Z,(0)vec(Ty) (C13)
0
Ty
and
Oe;(0) _10p,(0) *! _1,0vec(C)
00 C 96’ [ei'(6) ® C ]W (C14)
= —{Z3,(0) + [e7'(0) ® IN]Z(,(0)},
where
In
, yi-1 ®@1In
Z(0) = ‘9‘%9)2;1/2’(9) = : cY, (C15)
Yt7p®IN
On2xn
Onx N2
ON2><N2
Ovec [X(0 _
zu0) = PO om0 faveot, (i)
0N2><N2
Iy>

which confirms that the conditional mean and variance parameters are variation free. In addition,

o - 58] (%0 =40 1) [
[ (s



wher
ere dln f1[e1,(6); 011/0<]
elt(¢) _ _w _ Jln f2[€§t(:0); 92]/853 , (018)

dln fi [k, (0); ewl/Ock

es(¢p) = —vec {IN + MWE*/(H)}

Oe* ¢
14 %%w);aﬂg;t(g) %@Qﬂ%(e)
= —wvec : : (C19)
%{th(g) 1+ %Wa*mw)
and

o 1le},(@)e) er(9)

8111 E* 0 , @1 eT t(d))
en(¢) = W = : - 2: (C20)

oon eTNt(¢)

by virtue of the cross-sectional independence of the shocks, so that the derivatives involved
correspond to the assumed univariate densities.
Let h;(¢) denote the Hessian function ds:(¢)/0¢" = 9%l;(¢)/0¢pO¢’. Supplemental Appen-
dix D.1 of Fiorentini and Sentana (2021) implies that
den(9) dest()
00’ 00’
+ [€(®) @ Iy (pr1)nz)

hgg: () = Z1:(6)

dvec(Zuy(6)]
06’

+ 74 (0)

Ovec|Zs(0)]

aal Y (021)

+ (el (¢) ® IN+(;D+1)N2]

where Z;;(0) and Zg(0) are given in (C15) and (C16), respectively. Therefore, we need to obtain
Ovec(C™1) /00" and dvec(Iy @ C~V)/00'.

Let us start with the former. Given that
dvec(C™Y) = —vec[C7Vd(CC™V] = —(C7 L @ CY)dvec(C') = —(C! @ CV)K yndvec(C),

where Ky is the commutation matrix (see Magnus and Neudecker (2019)), we immediately

get that

-1
avegg) = [ On2x(vipn2y —(CT'@ C MKy |,
so that ) 3
Iy
101
Ovec|Z;(0)] vt 1. N dvec(C~Y)
A iy @ gureal )
00’ ) 00’
Yt—p & IN
i On2xny /|




In
yi-1 @Iy
= |In® : [ Onzy(vapn2y (CTT@CTM)Kyy |-
Yi—p ®In

Onzx N

Similarly, given that
vec(In ® C™V) = {[(Iy @ Kyn)(vec(In) @ Iy)] @ Iy tvec(C™Y)
so that

vec(In®@ C™Y) = ((Iy @ Kyn)(vee(In) @ Iy) ® Iy)dvec(C™Y)
= —{[Ix ® Kyn)(vec(Iy) @ Iy)] @ INHC™ @ C™Y)Kyndvec(C),

we will have that

Odvec|Zg(0)]  Ovec O(N1pN2)x N2 1
o0 00 Iy Iy C|-

But

0 2) 5 N2 Ovec(In ® C_ll)
(N+pN2)x N
e ()

= —[Im@( 0(N+fN2)XN2 )] [0 {[(In@Kny)(wec(In)RIN)]QINyHCIoC M Kyy .
N2

In addition,

09 Oe*e*! 0o Oe*de*!
and
Oest(P) _ (. 9 1n fle;(0); 0] Oet (6) dIn flef(0); 0]\ Oet (6)
oo~ OO e e AT e 96/
_ . 0*In f[ef(0); o] 9ln fle}(0); o]

< {Zy;(0) + [e7(0) ® In|Z;(0) }. (C23)

The assumed independence across innovations implies that

[ 9°Inf1[e1,(0);04] 1
el 0 o
In f[e7(6); @] 0 5
— 24
Oe*0e*’ 0 ) (C )
2n * .
i 0 O 81f](\/8[§il\\]fi)gg)79N}

which substantially simplifies the above expressions.
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Moreover,

dew () des ()
h@gt(¢) - th(e) ag/ + ZSt(O) 89/ ’
where
den(d) _  9*Inflei(0): ¢l
00 0e*0o’ ’
dest(@) 9*In fe;(6); o]
= —[e¥(o I .
ag/ [st( >® N] 88*89’
with - %10 fi[e, (0)ie] .
Lol g 0
Oe*0o’ 0
9?1n fn[e},(0)sn]
| 0 0 oty
because of the cross-sectional independence assumption.
As for the shape parameters of the independent margins,
r 9%In fi[e},(0);01] ]
fel o 0
0%In fle} (6); ] 0
h = = 2
QQt(¢) agag/ 0 (C 6)
9 In fnleh,(0)son]
I 0 0 Jondely

Finally, regarding the Jacobian term — In|C|, we have that differentiating (C13) once more

yields
0 0
0 0
— : dvec(C™Y) = : (C!' @ CYYKyydvec(C),
0 0
]:N2 IN2
SO
0
0%dy(0) 0
80;0’ = : [ Onzy(vipnzy (CTTO@CVKyy |.
0
IN2

As usual, the pseudo true values of the parameters of a globally identified model, ¢,
are the unique values that maximise the expected value of the log-likelihood function over the
admissible parameter space, which is a compact subset of R1™(®)  where the expectation is
taken with respect to the true distribution of the shocks. Under standard regularity conditions
(see e.g., White (1982)), those pseudo true values will coincide with the values of the parameters
that set to 0 the expected value of the pseudo-log likelihood score.

More formally, if we define vg as the true values of the shape parameters, and ¢, = (69, vo),

11



we would normally expect that
Elst(¢o0)lpo] = 0.

Let us now consider the alternative parametrisation C = J¥ studied in Fiorentini and Sen-
tana (2021, 2023), so that the parameters of interest become 7, a; = vec(A;) (j = 1,...,p),
j = veco(J) and ¥ = vecd(¥), where veco(.) stacks by columns all the elements of the zero-
diagonal matrix J — Iy except those that appear in its diagonal, and vecd(.) places the elements
in the main diagonal of ¥ in a column vector (see Magnus and Sentana (2020) for some use-
ful properties of these operators). Given that a pseudo log-likelihood function based on finite
Gaussian mixtures for the shocks will lead to consistent estimators for all these parameters re-
gardless of the true distribution, e;(¢,,) will be serially independent and not just martingale

difference sequences. Moreover, given that

C_ll ONXN2 0N><q
(L@IN)CV  Onzenz Opzyg
Z(0) = E|Z:(0)|ip,] = 5 f 3
(@IN)CTY  Onaynz Opzyg

Onzxn In®@CY) Opzy,
quN 0q><N2 Iq

has full column rank,
Elei(¢oo)t—1,p9] =0 (C28)

because
0 = Efst(@oo)| o] = E{E[st(¢o0) [ lt—1, @ollpot = Z(0) Elet(Poo) | It-1, po] = Z(0)Eler(Pos )| o]

Furthermore, the diagonality of ¥ means that the pseudo-shocks e} (0~) will also inherit
the cross-sectional independence of the true shocks €;. In addition, given that the estimators of

6 that we consider are consistent, we will have that under standard regularity conditions

T ~
T3 €i(0) —  Elei(0s0)lo] = 0 and (C29)
t=1
-1 I *2 (N *2
T t;é‘it (0) — FEleir (0o0)lpo] = 1, (C30)

where 6 are the PMLEs of the conditional mean and variance parameters.

C.2 Asymptotic distribution

For simplicity, we assume henceforth that there are no unit roots in the autoregressive
polynomial, so that the SVAR model (2) generates a covariance stationary process in which
rank(In — Ay —... — A,) = N. If the autoregressive polynomial (In — AjL — ... — A,LP)
had some unit roots, then y; would be a (co-) integrated process, and the estimators of the

conditional mean parameters would have non-standard asymptotic distributions, as some (linear
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combinations) of them would converge at the faster rate 7. In contrast, the distribution of the
ML estimators of the conditional variance parameters would remain standard (see, e.g., Phillips
and Durlauf (1986)).

We also assume that the regularity conditions A1-A6 in White (1982) are satisfied, although
like in his Theorems 3.1 and 3.2, we drop Assumption A3(b) when talking about the neg-
ative definiteness of the expected Hessian or the asymptotic normality of the PML estima-
tors because they are both local rather than global results. These conditions are only slightly
stronger than those in Crowder (1976), which guarantee that MLEs will be consistent and as-
ymptotically normally distributed under correct specification. In particular, Crowder (1976)
requires: (i) ¢ is locally identified and belongs to the interior of the admissible parameter
space, which is a compact subset of RAm(®), (ii) the Hessian matrix is non-singular and con-
tinuous throughout some neighbourhood of ¢g; (iii) there is uniform convergence to the inte-
grals involved in the computation of the mean vector and covariance matrix of s;(¢); and (iv)
—E7 [T ()| T3, hy () 5 1,,,, where B [—T71Y", he(e)] is positive definite
on a neighbourhood of ¢.

We can use the law of iterated expectations to compute

'A(d)cxw (PO) = E[_h¢¢t(d)oo>|007 CP()] =E [At(d)ooa QOO)]

and
V[S¢t(¢oo)|900] = B((:boov ‘PO) =FE [Bt(d)oov 90)] :

In this context, the asymptotic distribution of the PMLESs of ¢ under the regularity conditions
A1-A6 in White (1982) will be given by

\/T(a) - ¢oo) - N[O? 'A_l(¢oo7 QOO)B(Q')(XM ()00)“4_1(@5007 ‘PO)]

As we explained before, analogous expressions apply mutatis mutandi to a restricted PML
estimator of @ that fixes p some a priori chosen value to p. In that case, we would simply
need to replace O by O, (@) and eliminate the rows and columns corresponding to the shape
parameters g from the A and B matrices.

If we write C = JW¥, then the chain rule for first derivatives implies that the gradient
with respect to the parameters in C will be a linear combination of those corresponding to
j=wveco(J —1Iy) and ¢ = vecd(P).

Therefore, we can invoke Proposition 3 in Fiorentini and Sentana (2023), which shows the

consistency of the Gaussian mixture-based Pseudo MLEs of j and 1), to show that

E |:811’lf[52t(0;oo)a Qoo] ‘ 00,’1)0:| -0
Oe}
and
1 1(000); 000 &
p |1+ O e 0, 61, v0 | —0 (c31)
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for ¢ = 1,...,N. Moreover, the maintained assumption of cross-sectional independence of the

shocks also implies that

dln f[e},(0); 0]

E
Oe;

E;t(ooo)’ 00, 'U()] =0

As a consequence,

Elen(¢s)|00,v0) =0 and  FEles(¢o)|00,vo] = 0.

C.3 Variance of the score

If we maintain that 8., = @y because of the aforementioned consistency, and adapt Propo-

sition D.2 in Fiorentini and Sentana (2023) to a PMLE context, we can show that

where

and

with

Visgt(Peo)[00, Vo] = B(¢oo, o) = E [Bi(Peo, vy)]

Buloer 09) = Zu00) Ol 0er ) 2401, (€32)
zio) = (29 B0 D).

O1(050:v0)  O15(000,v0) Ot (000, V0)
O(0005v0) = | O1(000,v0) Oss(000;v0) O
OZT(QOO,’U()) O;r(gowvo) OTT(Qoovv())

( )

( )
Os5(000,v0) = Vest(doo)[60, vol,
Ot (@o0: V0) = Eler (@) €1t (D)0, Vo],
Osr(000: V0) = Elest(@o0)er4(Po0)00, vo], and
O11(000,v0) = Vert(9o) |60, vo]

On(04,v0) will be a diagonal matrix of order N with typical element

01 ; 3 Oico
On(@ir o) =V | L) (©33)

O15(000, o) =0sE’y, where Ey is the so-called diagonalization matrix and O, is a diagonal

matrix of order N with typical element

Ols(giooa UO) = Cov |: 88} ) (‘)si Eit

i

vg} : (C34)

Oss5(000, Vo) is the sum of the commutation matrix Ky and a block diagonal matrix Y
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of order N2 in which each of the N diagonal blocks is a diagonal matrix of size N with the

following structure:

[ ou1 O 0 0 0 0 0
o . 0 0 0 0 0
0 0 Oyt 0 0 0 0

Yi(0s,v0) = 0 0 0 0s5(0in0, Vo) — 1 0 0 0 ,

0 0 0 0 Ouiv1 0 0
0 0 0 0 0 . 0

L 0 0 0 0 0 0 Oou,nN |

where 01, =0y(0;40, V0) to shorten the expressions and
Oln f(ey; 0iso) &
Ouliervn) = v | PL SO | (©35)
i

O1-(0505v0) is an N x ¢ block diagonal matrix with typical diagonal block of size 1 X g;

Oln f(e}; 0ino) OIn f(€)y; 0i00)
Oet ’ do;

01 (000, Vo) = —COV [ vo} , (C36)

Osr(000, Vo) = ENOyg,, where Oy, another block diagonal matrix of order N x ¢ with typical
block of size 1 x g;

OST(Qioo”UO) = —cov |: 86; Eits agtl

vo] , (C37)

and O, (04, v0) is a ¢ X ¢ block diagonal matrix with typical block of size g; x ¢;

Oln f(g}; 0ioo)
an’

Orr(@ier v0) = V [ vo} | (C38)

C.4 Expected Hessian

We can also show that

E[_h¢¢t(¢oo)’007vo] = ‘A((:boo? UO) =F [At(¢007v0)]

where
At(¢oo7 UO) = Zt(OO)H(goov UO)ZQ(GO)a
Hiu(0s0,v0) Mis(@o0>v0)  Hir(Qoos V0)
H(Qoo7UO): H;5<Qomv0) Hss(goo7U0) Hsr(gooa'UO) )
2T(Qoo»UO) H;T(Qomvo) HT?“(QoovUO)
B [0%1n f(ef; 000)
Hi(0o0s v0) = —E_W UO]
[0%In f(e]; 000) , _»
His(00o,v0) = —E_Ek*—éé“(stl(@IN) Uo]
(. 0%In f(&}; Oln f(ef; .
Hulewon) = 5| {let Ty T 1580 1y o P S e [ ey
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Hir(000,v0) = E[a%nf(&:;mw)'vo}

Oe*0o’
« 9*In f(e}; 050
Hsr(0sv0) = E [[Et ®IN]a€*8tQ,"UO}

Hi (04, Vo) will be a diagonal matrix of order N with typical element

9? In f 5;( 3 @ico
Hll(@ioovv()) == |: (8(8*32 )

Uo} ) (C39)

His(0oos Vo) =HsEy, Hs is a diagonal matrix of order N with typical element

821 *; 100 *
(@i v0) =~ | TR (C40)
Given (C31),

80 Hss(000, Vo) Will be the sum of the commutation matrix Ky and a block diagonal matrix
I of order N? in which each of the N diagonal blocks is a diagonal matrix of size N with the

following structure:

CHyp 00 0 0 0 0

0 0 0 0 0 0

0 0 Hy—1 0 0 0 0

I'i(00,v0) = 0 0 0 Hss(0j00, V0) 0 0 0 )
0 0 0 0 Hyig1 O 0
0 0 0 0 0 .0
0 0 0 0 0 0 mHyy |
where Hy;; =H};(0;40, Vo) to shorten the expressions and
0%In f(e¥; 0 .
(@i v0) = ~5 { ST (2 g . (o)

(0e7)

Hir (000, v0) is an N x g block diagonal matrix with typical diagonal block of size 1 X ¢;

2 *
0% 1In f(efsic0 ) ’ Uo] 7

S (C42)

Hl'l’(gioo7v0) = E |:

Hsr (000 v0) = EnHg,, where Hy, another block diagonal matrix of order N x g with typical

block of size 1 X g;

0% 1n f(e};; Gioo)
sr(0inss = F 1) &100/ _k
H (ono UO) |: 88:8&% &

and H,r (04, V0) is a g X g block diagonal matrix with typical block of size ¢; X ¢;

Uo] ) (C43)

0?In f(e}; 0ioo
HTT(QZ.OO,UO)_—E[ ;;az;,? )’uo]. (C44)
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