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A. Proofs
A.1. Proof or Proposition 1

Note that

Op;(z; B) 1 /2
6[3]- (Z 511 eﬁéz)Q [eﬂ (

o eﬂp) - ewﬂ z = p;(z; B)[1 — p;(z; Bz,

while Bz p
apg(ZSﬁ) = (2 B[z B)z
IBj <Z 5:1 eﬁlsz>

when k # j. Interestingly, these expressions coincide with z times the conditional variance

of {; given z and the conditional covariance between §; and ¢ given z, respectively.

To derive the score, it is convenient to re-write both expressions together as

Ipk(z; B)
08,

where I(.) is the usual indicator function. The contribution of a single observation to the

=pr(z; B)I(j = k) — p;(z; B)z,

log-likelihood function (ignoring constant terms) will be

Inf(€,2:8) = 3 iy & npu(z: B).
Hence, the score with respect to 3; (j = 2,..., K) will be given by

Oln f(&,2;8)
B,

where u;(§;,z; 8) = £ — p;(z; 3). Thus, we can write the first-order conditions together as

5;(£,2;8) = = 11 &Gl = k) —p;(z: B))z = [&—p;(2: B))z = u;(§;, 2 B)e,

(3). From here, the second derivatives will be

0%In (€, 2 8)

h;; (€. 2 8) 9805 = —p;(zB)[1 — p;(z B)|zz" and
J J
2 .
hy(€,2: B) ‘o lgé%’ﬂzﬁ) = p; (2 B)pi(z; B)zz,

whence (4) follows. Therefore, we will have that

Oln f(£,2;8) 0ln f(£.2,8) Ol f(£,28)

{u?(&,2; B) — p;(z; B)[1 — p;(z; B)]}zz’ while

3ﬁj aﬁ; 3ﬁj86;
alnfa(g;zﬁ)alnfé(éézﬁ) +81%‘g%’;£ﬂ> = [u;(&,2; B)ue(&e, 25 B) + pi(2: B)pe(z; B2z,

where we have used the fact that 532- = ¢ and & = 0. Therefore, we can write the

influence functions corresponding to the information matrix equality in matrix notation
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as (), the advantage of using of vech instead of vec being that we easily eliminate the

duplicated influence functions that appear in (4) and the outer product of (3), thereby

avoiding generalised inverses and providing the right number of degrees of freedom.

The reminder statements in the second part of the proposition follow directly from

Chesher (1983) and Lancaster (1984) given the i.i.d. nature of the sample. O

A.2. Proof of Proposition 2

We can expand the quantities that appear in cov(m;,, mj,) as follows:

E(m3;|z)
E(m3,|z)
E(mjjmy|z)
E(mj;m;e|z)
E(mgmg|w)

E(mjemyi|z)

E(mjgmj%/ |Z)

E{lu — pji(1 —p;i)Plz} = E(uj|z) — 2p;(1 — p;) E(u}]z) + p3(1 — p;)?,
E[(ujue + pipe)’lz] = E(ujuf|z) — 2p;peE(ujuelz) + pipi,

B{lu} —p;(1 = p)l[u} — py(1 = pj)llz}

E(uiub|z) — p;j(1 — p;) E(uj|z) — pyr(1 — py) E(uf|z) + p;(1 — pj)py (1 — pj),
E{[(u} — p;(1 = p;)](ujue + pjpe)| 2}

E(ujug|z) + pijpe E(u}|z) — pj(1 — p;) E(ujuelz) — pi(1 — py)pe,

E{[u? — pji(1 — pji)](wjue + pype) |2}

FE

wjug|z) + pypeE(ujlz) — pi(1 = pj) E(ujulz)] = pi(1 = p;)pype,

E(ujug + pipe) (wjue + pjrpe)|2z]

S|

(
(
(ufujuj|z) + pipepjpe + e E(ujue|z)] + pipeE(ujugz)  and
E[(ujue + pjpe) (wjrue + pjrpe)|2]

(

E ujuEUj/UK/‘Z) —+ pjpfpj’pf’ —+ pjng(Uj/Ug/‘Z) —+ pj/pg/E(ujug]Z).

Then, if we use the formulae for the fourth-order centered moments of the multinomial

distribution in Ouimet (2021), namely

= (1 —=pj)p;[1 = 3(1 = p;)pjl,

= —p;[1 = 3(1 — p;)pjlpe,

)
)

E u?u?) = p;pe(pj + pe — 3p;pe),
) = pi(1—pj)pype and
)

—3p;pepjper,

we obtain the expressions in part a) of the lemma.



Doing the same with the expressions in cov(mjg,s;):

E(mjjuslz) = E{[uf —p;i(1 —p)lulw} = E(ul]z) — p;(1 — p;)E(us]z),
T—piA=plujlz} = E(uiuyl|z) — p;i(1 —p;)E(uyz),

= E[(ujus + pjpo)u|z] = E(UjUZIZ)+pjng(Uj|Z) and

(mJJ Uy |z
E(mjou;|z

)
)
)
)

E(mjuyl|z) = cov(myp,uplz) = El(ujue+ pipe)uy|zl = E(ujupuy|z) + pipeE(uy|z),

and using the formulae for the third-order centered moments of the multinomial distribution

in Ouimet (2021),

E(uj) = pj(1—p;)(1—2p;),
E(u?w) = p,;(1—2p;)pe

E(ujueuy) = 2pipepy,

we obtain the expressions in part b) of the lemma.

Finally, the expression for the information matrix follows from its definition. O

B. The IM test for the conditional multinomial logit model

In the conditional multinomial logit model we can write the choice probabilities,
which are a function of some m regressors wj;, = (Wi, - . ., W) that vary across n indi-

viduals indexed by ¢ and K alternatives indexed by k, as

ea’wki
pki(a,wli, Ce 7WKi) = P(f[m = HWM,. .. 7WK’L'> = k= 1, RN ,K, (Bl)

K o'W
Z =1 €T

where o is an m X 1 vector of coefficients that does not depend on the alternatives. For

our purposes, it is convenient to re-write these probabilities as

6a’(Wki*W1i)
(o, w;) = k=1,... K
pkz( 3 Z) Z 521 ea/(w“_w“) ’ ’ 7

by dividing both the numerator and denominator of (B1) by e*™ so that

1
1+>7 5:2 e (Wei—w1;)

pu(a,Wz‘) =

As explained in footnote 4 of chapter 2 of Maddala (1983), it is possible to write
this conditional multinomial logit model as a restricted multinomial logit model. The

following simple example with three choices and two regressors illustrates the required



transformation:

alwilita2wal; 1
(cx, w;) ;
D1 s Wy Z 2_1 X1 W1e;+a2Wap; 1+ Z 2‘_2 eal(wlli7w111)+a2(wgei*wgli)
EOIW12i Ta2W22i e01 (Wizi—wiri)+oa(wazi—w21s)
) > ?—1 ecrwit a2 1+> ?_2 eat(wigi—wi1i)+az(wae —wa1s)
ea1w13i+a2w231¢ eo‘l(w13i_w11i)+0‘2(w23i—w21i)
p3i<a7 Wz) - —

3 2:1 eQ1W1giTa2w2e; 1+ ?:2 01 (Wig;—w11i)+oa (Wae—w21i)

As expected, the three probabilities add up to 1.

More generally, define w/; = [(wo; —wy;), ..., (Wei—wy;), ..., (Wri—wy;)] and B () =
(0,...;a,...,0) for k=2,..., K, which in this trinomial example are simply
Wg = (w12 — W11, Wa2i — Wars; W13 — Wits, Wa3i — Wa1;)
5/2(04) = (01,02;0,0)
Bi(a) = (0,0;01,0)

As we shall see below, the crucial ingredient to obtain the expressions for the IM test for
the conditional multinomial logit model from the IM test for the multinomial logit model in
Propositions 1 and 2 are the Jacobians of 3} () with respect to a, which in our trinomial

example are given by

Bya) (100 0
Ja N 01 00)”
0Bs(a) 0010
Ja N 0001/

Let ug; = &k — pri denote the generalised residuals for £ =2, ..., K. We know that the

contribution of observation ¢ to score in the trinomial logit model is given by

ol;
/
a7~ — WW; = U2(w12¢ — W11, Wa2i — W214, W13 — W11, W23 — wzu)
0B, ()
l; ,
a7 L — UWsw; = U3(w12i — W114, W22 — W214; W13 — Wi1i, W23s — wzu)
853(‘1)

As a result, the chain rule for first derivatives immediately implies that the contribution

of observation i to the score of the conditional multinomial logit model will be given by

1 0 0 0
dod  0Bia) da < ogia) da  Milo oo | TVl 1o
0 0 01

= U2<w12i — W114, W22; — w21i) + U3<w13i — W14, Wari — w21i)'



If we realise that &; = 1 — &; — &3; and py; = 1 — po; — ps3i, then we can define

uy; = &5 — pri = —(ug; + us;) so that we can write
ol;
B, = uy (W114, Wa1i) + Uz (W14, Waz;) + us(Wisi, Was;),

which coincides with the expression we would obtain by working directly with (B1). Entirely
analogous expressions apply for general K. In this respect, it is important to mention that

Cameron and Trivedi (2005) write the score as follows:

all - / —/
dol Z Ehi(Wy,; — W7) (B2)
k=1

where
K
—/ /
W, = PeiWy; -
=1

But we can always write (B2) as
Y K K K K K
i / / / /
ool Z Ei | Whi — ZP&V‘% = Zflm’wki - ZP&W& kai
k=1 =1 k=1 =1 k=1
K K K
/ / /
= ) CkiWi— > DW= Y UkiWy,
k=1 =1 k=1

because Zle &ri = 1 and the addition operation satisfies the commutative property.

We can also use the chain rule for second derivatives in theorem 6.9 of Magnus and
Neudecker (2019) to obtain the Hessian of the log-likelihood function. In principle, there
would be two terms. The first one simply premultiplies the Hessian of the multinomial

logit model with respect to B,(ax) and B4(a) by the Jacobian matrix
{%'g(a) 35’%(04)]

oo = Oo (B3)

and postmultiplies it by its transpose. The second term, on the other hand, requires the

product of the Kronecker product of the score times the identity matrix with the second-

order Jacobian

o [aﬁgm) aﬁé(a)}
oo da = Jda |

But since the mappings from a to B,(a) and B5(a) are both linear, this second Jacobian
is identically 0, so we only need the first term. As a consequence, the sum of the Hessian
and the outer product of the score of the conditional multinomial model can be obtained
by simply premultiplying the sum of the Hessian and outer product of the score of the
multinomial logit model by the Jacobian (B3) and postmultiplying it by its transpose.
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Again, the same argument applies for general K. Consequently, we can combine the Jaco-
bian matrix with the theoretical expressions for the conditional variances and covariances
of the different influence functions in our Proposition 2 to obtain the expressions for the

asymptotic covariance matrices for the conditional multinomial model.

C. Monte Carlo simulations: design and additional results
C.1. Design

For each DGP, we always include an intercept and either one or two standard normal
uncorrelated explanatory variables. Following Horowitz (1994), we keep the explanatory
variables z;, i = 1,..., N fixed in repeated samples. Nevertheless, we minimise the effects
of the specific draws of these regressors by using the standard normal quantile function
to generate them inverting a grid of points equally spaced over the unit interval - from
1/(2N) to 1 —1/(2N). In the case of two non-constant regressors, we randomly permute
each of them separately to ensure their independence, and additionally conduct a Cholesky
decomposition to make them exactly orthogonal in the sample.

More importantly, we choose the 3's so that in simulated samples of five million obser-
vations they provide roughly balanced frequencies across categories and reasonable values
for the pseudo-R?’s proposed by Cragg and Uhler (1970) and McFadden (1974), which we

denote as R%;; and R3,p, respectively. Specifically, we consider under the null:

DGP A K =3, L=2: We pick 3,=(—1,—2)" and B;=(—1,2)" so that the average frequencies
are 0.36, 0.32 and 0.32, with R3,.=0.34 and R%,, =0.14. As the coefficient sign does
not alter the explanatory power of the 2’s, the two binary logits have R3,,=0.26 and
R2,,=0.15.

DGP B K =3, L =3: We pick B, =(—1,-2,2)" and B; = (—1,2,—1) so that the average
frequencies are 0.28, 0.36 and 0.36, with R3,,=0.45 and R%;,=0.21, and R2,.=0.35
and RZ%;;=0.21 for the binary logits.

DGP ¢ K =5, L=2: We pick B,=(—1,-2), B;=(—1,2), B,=(—2,—4) and B;=(—2,4)
so that the average frequencies are 0.24, 0.14, 0.14, 0.24 and 0.24, with R%,.=0.37
and RZ%;=0.10. Once again, the sign of the coefficient does not alter the explanatory
power of the 2’s, so that the two binary logits involving (&1, &2) and (&, &) are such
that R%,,=0.15 and RZ;;=0.08, while those for (£1,&,) and (&, &) have R2,.=0.51
and R%,,=0.34.

DGP D K =5, L =3: We pick B, =(—1,-2,2), B =(-1,2,-2), B, = (—2,—4,4) and
B85 =(—2,4,—4)" so that the average frequencies are 0.18, 0.11, 0.11, 0.30 and 0.30,



with R%,,=0.47 and R%;,=0.16. In turn, the two binary logits for (&1, &) and (&1, &3)
have R3,,.=0.18 and R%;;=0.10, while those for (£1,&4) and (&, &5) have B3, =0.59
and RZ,;,=0.43.

As for the alternatives, we consider:
DGP a For the second half of the sample, we replace the slopes of z; by — 6 and 4 when

K =3, and —4, 6, 4 and 0 when K = 5.
DGP b We perturb the K — 1 slopes of z; by 3¢, with € obtained by the standard normal

quantile function to a grid of points equally spaced ranging from 1/(2N) to 1—1/(2N).
DGP ¢ We draw samples from the following nested logit models:

For K = 3, we set

Pr(é = 1]z) = ePim/(1 + %)

Pr(6y = 1]z) = Pr(& = 0]) /(1 +€%7),

Pr(&; = 1|z) = Pr(& = 0]z)e™2 /(1 + e%2),

where, if L =2, B, =(1,-2), 75 = (-3,5) and, if L =3, B, = (1.5,2, -2)’,
~5=1(6,5,—5).

For K =5, we set

where, if L=2, B,=(-2,-2), B3=(-2,2), v, =(-8,8), d2 = (8, —8) and, if
L=3, B,=(—2,—-2,—-1), B3=(—2,-2,-1), v,=(-8,8,1), 62=(8, -8, 1).
C.2. Additional results for the binary logit model
In Table A1 below we report the same figures as in Table 1 but for the binary logits for
models with three categories. The results for models with five categories are available upon
request. Not surprisingly, the same pattern is obtained regarding the massive overrejection
of the OPS version of the test when relying on asymptotic critical values. Interestingly,
the overrejection of the CM test at the 1% level becomes more moderate, likely due to
small number of degrees of freedom of the corresponding asymptotic distribution, namely
L(L + 1)/2. Once again, the parametric bootstrap corrects the size distortions for all the
sample sizes we consider. Similarly, in Table A2 below we report the rejection rates under
the different alternatives that we consider for the binary logit models when there are three
categories. As expected, the power figures indicate the same pattern as in Table 2, but

with less power.



C.3. Additional references

Cameron, A.C. and Trivedi, P.K. (2005): Microeconometrics: methods and applications,
Cambridge University Press

Cragg, S. G. and Uhler, R. (1970): “The demand for automobiles”, Canadian Journal of
Economics, 3, 386-406.

Maddala, G.S. (1983): Limited-dependent and qualitative variables in econometrics, Cam-
bridge University Press.

Magnus, J.R. and Neudecker, H. (2019): Matriz differential calculus with applications in
statistics and econometrics, 3rd edition, Wiley.

Ouimet, F. (2021): “General formulas for the central and non-central moments of the

multinomial distribution”, Stats 4, 18-27.



SO 92 Imoqe s[reap 10§ 1) Xipuoddy [ejuewio[ddng 99g ‘[[NU o) ISPUN POIRIIIISO
[Ppow oy} woty sojdwres g6 = g 9e[nUWIs oM YOIYM Ul aanpedord derjsjooq ougewrered © uo Souo 18] oYy o[ym [ uorysodord ur uonnNquIsip
orpoydurdse o1y U0 paseq oIk spEUedqns JYSLI YY) Ul s9jel U0Ida[eY] -sodeloae ojdures Aq suoljejoodxs Jeuonpuodun pue sHTA 1LY} Aq sonfea
Isjewrered ony oy) Surorlder g uornisodord ur suolsserdxe [@O1)91097) ) JO 9SN SOyRU JRY) UOISIOA J[(ISRS] o) 01 N o[IyM ‘(J8T) Ioiseouer]
pue (£86T) Ioysey)) Aq posodoid o1gsige)s oY) JO UOISI9A ST 0F SIdJoI G J(O) -suoneoidal ()()(‘0] UO Poseq sojel UOIIdalal o[Ie)) 9JUON :S0I0N

86°0 1¢°G 7901 880 i 19°01 000°C 98T 809 080T 9L9T 68'¢c 9L°CE 000°C
2670 LY 996 6.0 67V 986 009 ¢0'¢ ve'e 78S CrLe 9867 €899 00¢
ITT 166 Lg01 20°0 ¢c'l 9LV Gcl 8G°¢ ve'e LV'S 6L€9 L8808 ¥6°98 ¢cl
(55°13) (F3°13)
66°0 29T 6C6 10°T 1¢°G T0°0T 000°C 88T e  T¥6 97 9T 8¥'9¢ 01°¢E 000°C
70'T 81°¢ TT°01 €90 L8V €96 009 LV'C ¥9°¢ ¢r'6 9¢'6¢ <C'I¢ TS89 00¢
96°0 Qv Vr6 11°0 00T 2€°¢ Gcl GC'¢ 89F 1972 2868 19°0L 08°LL ¢cl
Amw Qwv Amw:wv
BT %S %0T BT %G %01 ozIs ojdureg BT %G %0T WL %G %01 ezs odureg
NI SdO ND SdO
sonpea [eonuo pader)sjooy son[eA [eO1LID 21303dWAS Y

(CIO)N Pre~ (%2 7z) yum (% ‘1z ‘1) = z :se[qelrea K1ojyeur[dxs 09Iy, 1 [PUR]

060 S6F 986 10T €9F 796 000 ¢e'T IS¢ 976 ¢e'IT €981  €L7C 000°C
960 8LF% 0.6 190 08F% LC6 00¢ 9¢'c  €T'C  L¥'S L6¥C €LVE  19TE 00¢
1T 98F  G6S6 IT0  O0FI  T6F Gel 16 0Ly ¥EL 06L& 9T'%S  1£29 al
(£313) (53°13)
61T 8¢S S00T 90T  ¢Z¢  L€01T 000°C VI GLG 166 8¢l G861 03'9¢ 000°C
¢I'T T0S 996 920 S¢SV €96 00¢ Ve 1TSS 67’8 6S¥C 9TTE 00TV 00¢
CI'T 9% 9%'6 600 19T ISF ¢zl €8T Ty oL 07'8¢ T1€'GS 8I'¢9 i
(2313) (23°13)
%1 %S %01 %1 %S %01 az1s a[dureg %1 %S %01 %I %G %0T oz1s a[dureg
NI SdO ND SdO
mg:ﬁ\w Eu_ﬁmo @@Qﬁgpmpoom wg:@\/ EUEEU UEOpQE%maﬂ

(T'ON Pvi~zyum (z°7) =2z :so[qeliea Arojeue[dxe omT, Iy [oUR]

(ser10809e0 2a11]) 10J) selyredoid oz1g :syse) NI 11380] (Areurq) :1y o[qR],



SIH( 92 Inoqe s[rejap 103 1) Xipueddy [ejueworddng
099G [[MU 9Y} JOpPUN pojewss [Ppowr o) wogf sojdwes g6 = g o1e[NuuIs oM YOIgm ur aanpedord derjsiooq oujowrered e UO Poseq oIe sojel
uoroaley] -sedersae o[dures Aq suorjejosdxe JeuonIpuodUN pue SHTN ILY) Ag sonyea Isjourered on1g o1y sumeldar g uorgisodorJ ul suorssardxo
[BO1101007) 9YY) JO ST Soyfewt Jey) 9591 A Y} JO UOISIDA d[(ISe] oY) J0] $)Nsoy -suoreordar ())G‘g U0 Paseq sojel Uordefor o[Ie)) 9JUuoy :S9J0N

09'86  00°00T 00°00T 8065 ZT'08 9106 000' 0829 FF'L6 €66  T966  00°00T 00°00T 000'
9867 9L°69 S8 88’8 808 Y0P 00¢ SVIL 09F7F €19  03CE 2698 096 00¢
PST OFFPL gl gz 00L  ELFL  11Ge cel 89°C  FECl 09F¢  2€T  e6'SL  ¥9°9€ cgl
%L %S %01 %L %G %01 ozis odureg %L %S %01 %L %G %01 oms opdureg
(£3°13) (53°13) (53°13) (53°13)
8108891391 I T, 81088913891 OMT,

JT30] PaYsaN :SISOI0dAY QATIRUIIY :)) [oUR]

0974 VvC68  CLV6 9L L  91'8¢  ¢&0F 000°C 9€'¢c 8¢'19 09°€L 899 9€ve  ¥8VE 000°C
00'TT 0¢'8€  ¢L'¢cS ¢9'c  vver  ¥0°6¢ 00¢ 96'¢  9L'6¢ 9€GY 8V 0¢'8T  8C'8C 00¢
88'¢  ¥0'T¢  99°GE PPl 8F'8 V0T act 0¢’¢ 0981 ¥99¢ IT'e 08¢l  8¥'1¢ act
%1 %S %01 %I %S %01 oz1s odureg L %G %01 %I %S %0T oz1s ojdureg
(57%3) (5°53) (5°53) (%°53)
SIOSSOIZDI 91T, SIOSSOI3OI OMT,

¢ ur A110ua801039Y dnoar) :s1soy10dAY dATIRUIDY { [OUR]

880 TL¥  FVOT 2€66  00°00T 007001 000°C 9¢°'T  9L°¢ ¥ 0T 00°00T 00°00T 00°00T 000°Z
8ZT T6¢ 0901 8¢’  0T9F  8F'¢9 00S 780  9I'G 886 79°8L 0966 0786 00¢
880 ¢¢v¥  Tl'8 09¢  ¢I'0¢ 0Z6F ¢gl 9,0 F0¥ S¢L 02€¢1  F0'SF  9¢°29 4
%1 %G %01 Al %G %01 oz1s spdureg %1 %G %0T %1 %S %01 oz1s ardureg
(53°13) (23°13) (F313) (23°13)
SI0SSOISoI wwgﬂrﬁ SI0SSOISoI OEF

¢ uRISSNIRY) SNOOULS0IIH :SISO10dAY ATIRUISY Y [PUR]

(se110809%0 9011]) 10]) se1predord 1omog 83501 [N 9180[ (Areulq) :gy o[qel,

10



N O O s W N e

10
11
12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

52

Matlab Code

WTSSTTSSTISSTISTTISTISSo
%% IMtest main function
function [statS ,statT] = IMtest(beta,Y,W)

9% Input

% beta L x (NM-1) matrix of MNlogit parameters (excluding the normalizing
Zeros)

%Y Nx1 vector of categorical observations Y(i)=k k=1,...,K

% W NxL matrix of regressors (including the constant)

%% Output

% statS IM statistics based on sample covariance of influence functions

% statT IM statistics based on theoretical covariance of influence
functions

warning off;
[NW,NMim| = size (beta); NM = NMm + 1;
if N\M— 2

Y=Y+ 1;
end
N = length (Y);
b = [zeros (NW, 1) beta]’
PPki = exp (Wxb’) . /sum(exp (Wxb?) ,2);
YY = zeros(length (Y) NM);
for ii = 1:NM

YY(:,ii) = (Y = ii);
end
% Computing regressors and their sample covariance matrix
XX = zeros (N,NWx (NW+1)) ;
XX(:,1:NW) =W;
for i=1NW

XX (¢, iNW+1:(i+1)«\NW) = W(:,i)xones(1 NW).xW(:,1:end);

end
aux = zeros (NWNW) ;

% Eliminating redundant columns and rows of kron(Wt,Wt’)

temp = 1;
for i= 1:NW
for j= 1:NW
aux(j,i) = temp;

temp = temp + 1;
end
end
aux2 = vech (aux)’ + NW;
WWvech = XX (:,aux2); % WWvech — [XX(:,1:NW) XX(:, aux2) |;
WWall = XX (: NW+1:end) ;
%% Contribution to the score, Hessian and IM infl. functions (i = 1,...,N)
ScoreJ = zeros (NMs=NW,1) ;
HessJ = zeros (NM«NW,NM:\W) ;
IMmom = zeros (NV«NW,NM:NW) ;
for ii = 1:NM
% Score
ScoreJ (1+(ii —1)«NW: iisNW) = mean ((YY(:,ii) — PPki(:,ii).xones (1 NW)).xW);
% Hessian

11



80
81
82
83

84

tempHess = mean(—(PPki(:,ii).*(1 — PPki(:,ii))*ones (1 NW"2)).xWWall) ;
HessJ (1+(ii —1)«N\NW: i1 sNW,1+(ii —1)sNW: iisNW) = reshape (tempHess ,NWNW) ;
% IM influence functions
tempIM = mean (((YY(:,ii) — PPki(:,ii)).”2 — (PPki(:,ii).*...
(1 — PPki(:,11))).%ones (1 NW~2)).xWWall) ;
IMmom(1+(ii —1)«NW: iisNW,1+(ii —1)NW: ii s\W) = reshape (tempIM ,NWNW) ;
for jj = ii+1NM
% Hessian
tempHess = mean ((PPki(:,ii).*PPki(:,jj))+*ones(1 NW"2).xWWall) ;
HessJ (1+(ii —1)=NW: 11>|<NW1+( j—1)<\W: jj«\W) = reshape (tempHess NWNW) ;
HessJ (1+(jj —1)ANW: jj«NW, 1+ (ii —1)«NW: ii NW) = reshape (tempHess ,NWN\W) ;
% IM influence functions
tempIM = mean ( (((YY(:,ii) — PPki(:,11)).x(YY(:,jj) — PPki(:,jj)) ...
+ PPki(:,1i).xPPki(:,jj)).xones (1 NW~2)).*WWall) ;
IMmom (1+(ii 71)*NW 11sNW, 14 (jj —1)«\W: jjsNW) = reshape (tempIM ,NWNW) ;
IMmom (1+(jj —1)«NW: jj«NW, 1+ (ii —1)=NW: ii \W) = reshape (tempIM ,NWNW) ;
end

—~

end
%% Sample covariances for everything
ScoreJN = zeros (N,NM\W) ;
HessJN = zeros (N,NM«NW,NM:NW) ;
for ii = 1:NM
% Score
ScoreJN (:,1+(ii —1)«NW: iisNW) = (YY(:,ii) — PPki(:,ii).xones (1 NW)).xW;
% Hessian
tempHess = —(PPki(:,11).%x(1 — PPki(:,ii))=*ones(1 NW"~2)).xWWall;
HessIN (1,14 (i1 —1)NW: ii«NW, 14 (ii —1)«\NW: i1 sNW) = reshape (tempHess ,N,NW,NW)
for jj = ii+1NM
% Hessian
tempHess = (PPki(:,ii).*xPPki(:,jj))*ones(1 NW"~2).+WWall;
HessIN (:, 14 (i1 —1)«NW: 11 «NW,1+(jj —1)=NW: jj s\W) = reshape (tempHess ,N NW
NW) 5
HessIN (:,1+(jj —1)sNW: jj«NW,14(ii —1)«NW: ii sNW) = reshape (tempHess ,N,NW
NW) 5
end
end
% Computing the information matrix
ScoreJN = ScoreJN (:,14+NW:NM:\W) ; % InfMatl — ScoreJN s ScoreJN /N;
HessJN = HessJN (:,1+NW:NM+NW, 1 +NW:NM:NW) ;
InfMat = — reshape (mean(reshape (HessJN N, (NM-1)"2:NW~2)) ,(NM-1)*«NW, (NM—1)\W)

IMmomN = zeros (N, (NM—1)«NM/2:sNWx (NW+1) /2) ;
index = 0;
for ii = 2:NM
% IM influence functions
tempIM = ((YY(:,ii) — PPkl( ,ii)).72 — (PPki(:,1i) .*...
(1 — PPki(:,ii))). *ones(l,NW*(NW+1)/2)).*Werch;
IMmomN (: ,index+1:index-NWx (NW=+1) /2) = tempIM;
index = index + NWx(NW+1) /2;
for jj = ii+1:NM
tempIM = (((YY(:,ii) — PPki(:,ii)
+ PPki(:,ii).«xPPki(:,jj)).
IMmomN (: , index +1:index-+NWx (NW+1) /
index = 1ndex + NW (NW+1) /2;

).x(YY(:,jj) — PPki(:,jj)) ...
xones (1 NWx(NW+1) /2) ) .*WWvech;
2) = tempIM;

end
end
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% Computing the test statistic

IMmomMean = mean (IMmomN) ;

VarScoreS = ScoreJN ’%ScoreJN/N;

VarIMmomS = IMmomN’ «IMmomN/N’;

CovScoreIMmomS = IMmomN’* ScoreJN /N;

%% Using LIE for Covariance matrices

CovIMmomScoreT = zeros ((NM-1)*NM/2+NWx (NW-1) /2 NWx (NM-1)) ;
index = 0;

for ii = 2:NM

for jj = ii:NM
index = index + NWx(NW+1) /2;
for kk = 2:NM % index for score
if (ii — jj) && (ii — kk)
pl = PPki(:,ii);
temp = pl.x(1 — 3xpl + 2xpl."~2);
elseif (ii = jj) && (kk "= ii) && (kk = jj)
pl = PPki(:,ii);
p2 = PPki(:,kk);
temp = pl.x(—1 + 2%pl).xp2;
elseif (ii == kk) && (jj = ii) & (jj = kk)
pl = PPki(:,ii);
p2 = PPki(:,jj);
temp = pl.x(—1 + 2xpl).xp2;
elseif (jj = kk) && (ii ~= jj) && (ii ~= kk)
pl = PPki(:,jj):
p2 = PPki(:,ii);
temp = pl.x(—1 + 2xpl).xp2;
else
pl = PPki(:,ii);
p2 — PPki(:,jj);
p3 = PPki(:,kk);
temp = 2xpl.*xp2.%xp3;
end
for hh = 1:NW
CovIMmomScoreT (index+1-NWs (NW+1) /2:index , ...
(kk—2)s«NWthh) = mean(WWvech’. % ...
(ones (NW«(NW=+1) /2,1)) .*(temp’.*W(: ,hh) ) ,2);
end
end
end
end
CovIMmomIMmomT = zeros ( (NM—1)+«NM/2:NWx (NW+1) /2 | (NMV-1) «NM/ 2:NWx (NW+1) /2) ;
indexrow = 0;
for ii = 2:NM

for jj = ii:NM
indexrow = indexrow + NWx(NW+1)/2;
indexcol = 0;
for iip = 2:NM
for jjp = iip :\NM
indexcol = indexcol + NWx(NW+1) /2;

% Fourth order, only one

if (i1 = jj) && (ii = iip) & (ii = jjp)
pl = PPki(:,ii);
temp = —4xpl.”4 + 8xpl.”3 — 5xpl.”2 + pl;

% (Two) second order (variance)

elseif ((ii — iip) & (jj = jip)) & (ii "= jj)
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((i1 = jjp) & (iip = jj)) & (ii "= iip)

pl = PPki(:,ii);
p2 = PPki(:,jj);

temp= pl. 2.%xp2 + pl.*xp2.72 — 4xpl. 2.%xp2."2;

% (Two) second order (covariance)

elseif ((ii — jj) & (iip — jjp)) && (ii
pl = PPki(:,ii);
p2 = PPki(:,1iip);

temp= —pl.xp2 + 2xpl. " 2.%xp2 + 2xpl.*xp2.72 — 4xpl.  2.xp2

.72

% Third order one, linear another one (j,j) & (j

elseif (ii =— jj) && (ii — iip) && (jjp

pl = PPki(:,ii);

p2 = PPki(:,jjp);

temp = p2.%(4xpl.”2 — 4xpl.”3 — pl);
elseif (ii = jj) && (ii = jjp) && (iip

pl = PPki(:,ii);

p2 = PPki(:,iip);

temp = p2.%(4xpl.”2 — 4xpl.”3 — pl);
elseif (iip =— jjp) && (ii == iip) & (jj

pl PPki(:,iip);

p2 = PPki(:,jj);

temp = p2.x(4xpl.”2 — 4xpl.”3 — pl);
elseif (iip — jjp) && (jj = iip) & (j]

pl = PPki(:,1iip);

p2 = PPki(:,1ii);

temp = p2.%(4xpl.”2 — 4xpl.”3 — pl);

"= iip)

ii)

ii)

= ii)

= ii)

)

")

% Second order one, linear another one (j,j) & (j’,1)
elseif (ii — jj) && (ii "= iip) && (jj "=

pl = PPki(:,ii);

p2 = PPki(:,1iip);

p3 = PPki(:,jjp)

temp = 2xpl.*p2.xp3 — 4xpl.” 2.%xp2.%p3;
elseif (iip = jjp) && (iip "= ii) && (jjp

pl = PPki(:,1iip);

p2 = PPki(:,ii);

p3 = PPki(:,jj);

temp = 2xpl.*p2.xp3 — 4xpl." 2.%xp2.%p3;
% Second order one, linear another one (j,
elseif (ii = iip) & (jj "= ii) & (jip ~

pl = PPki(:,ii);

p2 = PPki(:,j);

p3 = PPki(:,jjp);

temp = pl.xp2.%xp3 — 4xpl. " 2.%xp2.xp3;
elseif (ii = jjp) & (jj "= ii) && (iip ~

pl = PPki(:,ii);

p2 = PPki(:,j);

p3 = PPki(:,iip);

temp = pl.*xp2.xp3 — 4xpl. " 2.%xp2.xp3;
elseif (jj =— jip) & (ii "= jj) && (iip ~

pl = PPki(:,j);

p2 = PPki(:,ii);

p3 = PPki(:,1iip);

temp = pl.*xp2.%xp3 — 4xpl. " 2.%xp2.xp3;

)

jip)

— i)

elseif (jj = iip) && (ii "= jj) && (iip ~=

pl = PPki(:,jj);
p2 = PPki(:,ii);
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p3 = PPki(:,jjp);
temp = pl.xp2.xp3 — 4xpl. " 2.%xp2.%p3;

% All linear (j,l) & (j’,17)

else
pl = PPki(:,ii);
p2 = PPki(:,jj);
p3 = PPki(:,1iip);

p4 = PPki(:,jjp);
temp = —4xpl.xp2.xp3J.*xp4d;
end
for hh = 1:NWx(NW+1)/2
CovIMmomIMmomT (indexrow +1-NWx (NW+1) /2:indexrow , . ..
indexcol+1-NWx (NW+1)/24+hh—1) = mean (WWvech
Tk
(ones N\Wx(NW+1) /2 ,1)) .% (temp’.* WWvech (: ,hh) )
'2) 5
end
end
end
end
end
VarIMmomSthetaS = VarIMmomS — CovScoreIMmomSx*( VarScoreS\ CovScoreIMmomS’) ;
statS = NxIMmomMean* ( VarIMmomSthetaS\IMmomMean’ ) ;
VarIMmomSthetaT = CovIMmomIMmomT — CovIMmomScoreT * (InfMat\ CovIMmomScoreT ) ;
statT = NxIMmomMeans* ( VarIMmomSthetaT \IMmomMean’) ;
end
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