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1 Introduction

Models in which the regression coe¢ cients may take a discrete number of values have been

used for decades in a variety of empirical applications. Inspired by the �nite mixture models stud-

ied at least as far back as Pearson (1884), Quandt (1972) introduced a switching regression model

in which �nature�randomly chooses the values of those regression coe¢ cients and residual vari-

ances according to some probabilistic rule. The fact that there are explanatory variables a¤ecting

the conditional mean of the dependent variables within each subpopulation or regime in these

�mixture of regressions�models have made them more popular than traditional mixture models

in economic applications. For example, they have been employed for identifying �convergence

clubs� of countries based on per capita GDP, as well as within-country clustering in household

income and wealth distributions (see Johnson and Papageorgiou (2020) and Cowell and Flachaire

(2015) for some recent surveys describing the use of switching regressions in those areas).

The theoretical econometric literature has focused on numerical algorithms for estimating

the model parameters by maximum likelihood (see e.g. Hartley (1978)), the consistency and

asymptotic normality of the maximum likelihood estimators of those parameters (see e.g. Kiefer

(1978)), or testing procedures for determining the existence of more than one regime (see e.g.

Cho and White (2007)). However, relatively little work has been done in testing the correct

speci�cation of the estimated model, with the exception of Hamilton (1996), who derived score-

based speci�cation tests using the Expectation Maximisation (EM) principle in a popular time-

series generalisation of the model in which the observed series follow autoregressions within each

regime while the regimes evolve according to a discrete Markov chain.

In this paper, we also exploit the EM principle but for the purposes of deriving the information

matrix (IM) test of multivariate switching regression models. As is well known, the original IM

test introduced by White (1982) directly assesses the IM equality, which states that the sum of the

Hessian matrix and the outer product of the score vector should be zero in expectation when the

estimated model is correctly speci�ed. We use recent results in Amengual, Fiorentini and Sentana

(2024a), which say that in regular models in which the observations can be viewed as incomplete

data, in the sense of Dempster, Laird and Rubin (1977), the law of iterated expectations implies

that the in�uence functions involved in the IM test coincide with the expected value given the

observed data of the in�uence functions that one would test if one knew the subpopulation each

observation originated from. We also rely on the fact that Amengual, Fiorentini and Sentana

(2024a) exploit the law of iterated variances to express the asymptotic covariance matrices required

to compute the IM test statistic as the di¤erence between the unconditional covariance matrix

of the relevant in�uence functions in the complete data model and the mean of their covariance
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matrix conditional on the observed variables. In this respect, an additional, non-trivial bene�t of

relating the in�uence functions of the IM test of the complete and incomplete data models is that

it is easy to determine which of those functions is either redundant or spanned by the score vector,

so that researchers know the correct rank of the relevant covariance matrix, and consequently, the

right number of degrees of freedom.

One advantage of the IM test is that it is not a priori targeted to either the number of regimes,

the conditional normality of the disturbances in each of them or their homoskedasticity, while hav-

ing power to detect misspeci�cation in each of those ingredients of the model, as we will see below.

In addition, the EM principle provides a very intuitive interpretation of the in�uence functions

underlying the IM test. Speci�cally, we prove that the only in�uence functions that matter in

multivariate switching regression models are those associated to the conditional mean and vari-

ance parameters within each regime, which coincide with the multivariate version of the ones

derived by Hall (1987) for linear regression models, but written in terms of residuals computed as

if all observations came from the kth regime and weighted by the posterior probability that each

observation belongs to that regime. Thus, the IM test is e¤ectively testing the unconditional kur-

tosis of those conditionally standardised residuals, as in Jarque and Bera (1980), their conditional

heteroskedasticity given the exogenous mean regressors, their squares and cross-products, as in

White (1980), and their conditional skewness given those regressors, as in Bera and Lee (1993).

The rest of the paper is organised as follows. We start by formally introducing the model

in section 2.1. After a quick review of White�s (1982) original IM test in section 2.2, we derive

its expressions for the complete and incomplete data cases in sections 2.3 and 2.4, respectively.

Next, we present the results of extensive Monte Carlo simulations in section 3, which is followed

by an application of our tests to the empirical analysis of cross-country convergence in Di Vaio

and En�o (2011) in section 4. Finally, we conclude by discussing some extensions in section 5.

Proofs and auxiliary results are relegated to appendices.

2 Theoretical analysis

2.1 The model

Consider the following model

y =
PK
k=1 �k(Bkx+ �

1=2
k "�);

"�j�;x � N(0; IM );
�jx � MN(�);

(1)

where y is a vector of M dependent variables, x is a vector of P weakly exogenous regressors

that usually includes a constant, Bk is an M �P matrix of regression coe¢ cients, �k an M �M
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positive de�nite matrix of residual variances, �0 = (�1; : : : ; �k; : : : ; �K) is a latent multinomial

(MN) variable that can takeK di¤erent values and � is the vector that contains itsK probabilities.

We �nd it convenient to use the �multinomial logit�speci�cation

�1 =
1PK

l=2 e
�l + 1

; �k =
e�kPK

l=2 e
�l + 1

(k = 2; : : :K); (2)

to ensure that � remains within the unit simplex, but we could work with alternative speci�cations

instead without any consequence because Amengual, Fiorentini and Sentana (2024a) show that

the IM test statistic is numerically invariant to bijective reparametrisations.

2.2 White�s (1982) original IM test

Let � denote the vector of parameters of interest, which for model (1) include b=(b01;: : : ;b
0
K)

0,

with bk = vec(Bk), 
 = (
 01; : : : ;

0
K)

0, with 
k = vech(�k), and � = (�2; : : : ; �K)
0. We can write

the log-likelihood function of a random sample of size N on yn conditional on xn as

LN (�) =
XN

n=1
ln f(ynjxn;�) =

XN

n=1
ln(�); (3)

where f(ynjxn;�) denotes the density of yn given xn. Consequently, the average score and

Hessian will be given by

�sN (�) =
1

N

XN

n=1
sn(�) =

1

N

XN

n=1

@ln(�)

@�
; (4)

�hN (�) =
1

N

XN

n=1
hn(�) =

1

N

XN

n=1

@2ln(�)

@�@�0
: (5)

If we call �̂N the unrestricted maximum likelihood estimators (MLE) of the parameters of

interest, we will have that �sN (�̂N ) = 0 and �hN (�̂N ) negative de�nite. In what follows, we

maintain the regularity conditions White (1982) assumed to prove his Theorem 4.1 on the IM

test, which among other things guarantee the consistency of �̂N , and its asymptotic normality

with a full-rank information matrix when we centre this MLE around its true values, �0, and

suitably scale it by
p
N .

In this context, the IM test directly assesses the IM equality, which states that the sum of the

Hessian matrix and the outer product of the score (OPS) vector should be zero in expected value

when the estimated model is correctly speci�ed. As Newey (1985) and Tauchen (1985) showed,

the IM test can be regarded as a moment test based on the in�uence functions:

vech[hn(�) + sn(�)s
0
n(�)]: (6)

In practice, we evaluate these in�uence functions at �̂N , so we need the asymptotic covariance

matrix of p
N

N

XN

n=1
vech[hn(�̂N ) + sn(�̂N )s

0
n(�̂N )]:
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Chesher (1983) and Lancaster (1984) realised that one can use the generalised information

matrix equality to obtain the expected value of the Jacobian of the in�uence functions with respect

to � from the covariance matrix between them and the score evaluated at the true values of the

parameters. Speci�cally, we simply need the residual covariance matrix from their least squares

projection onto the linear span of sn(�0), which is given by

R(�0)� U(�0)I�1(�0)U 0(�0); (7)�
R(�0) U(�0)
U 0(�0) I(�0)

�
= V

�
vech[hn(�0) + sn(�0)s

0
n(�0)]

sn(�0)

�
: (8)

Therefore, the infeasible IM test statistic is the quadratic form

N

(
1

N

NX
n=1

vech0[hn(�̂N ) + sn(�̂N )s
0
n(�̂N )]

)
[R(�0)� U(�0)I�1(�0)U(�0)]�

�
(
1

N

NX
n=1

vech[hn(�̂N ) + sn(�̂N )s
0
n(�̂N )]

)
; (9)

where the superscript ���denotes a generalised inverse, which is often necessary because some

of the in�uence functions in (6) may be an exact linear combination of sn(�0) or appear mul-

tiple times, as we will see in section 2.3 below. As a result, the number of degrees of free-

dom of the asymptotic �2 distribution under the null of correct speci�cation is rank[R(�0) �

U(�0)I�1(�0)U(�0)], which requires careful derivation, something that our EM-based procedure

helps with, as we illustrate in section 2.4 below.

Chesher (1983) and Lancaster (1984) also suggested a feasible version of (9) as N times the

R2 in the regression of a vector of N ones onto sn(�̂N ) and vech[hn(�̂N ) + sn(�̂N )s
0
n(�̂N )] using

an ordinary least squares (OLS) routine robust to multicollinearity. The inclusion of sn(�̂N )

as additional regressors makes the statistic robust to the fact that the in�uence functions are

evaluated at �̂N . Nevertheless, as explained by Horowitz (1994) and the references therein, this

�outer product of the score� (OPS) regression has very poor �nite sample properties, so in our

work below we will also rely on the parametric bootstrap applied to a feasible version of (9)

that evaluates the theoretical expression (7) at the MLE �̂N . The theoretical results in Beran

(1988) imply that given that the asymptotic distribution of the test statistic (9) is chi-square, and

therefore pivotal, the bootstrapped critical values should not only be valid, but also their errors

should be of a lower order of magnitude under additional regularity conditions that guarantee the

validity of a higher-order Edgeworth expansion.
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2.3 The IM test in the complete data model

2.3.1 The in�uence functions

Typically, the in�uence functions (6) are di¢ cult to interpret, so empirical researchers often

regard the IM test as a black-box that o¤ers little guidance on how to improve the model spec-

i�cation when it is rejected, even though Chesher (1984) provided a useful reinterpretation as a

score test of unobserved heterogeneity in the model parameters, which is a �rst-order concern in

empirical microeconometrics.

We can provide an alternative intuitive interpretation of (6) for the switching regression model

(1) by �rst considering what the IM test would be if the econometrician could observe not only

yn but also �n, so that she will know the subpopulation of origin of all observations. Under the

maintained assumption that the elements in xn are weakly exogenous variables, their marginal

log-likelihood is irrelevant, and we can focus on the contribution from observation n to the joint

log-likelihood function of yn and �n conditional on the exogenous regressors (see Engle, Hendry

and Richard (1983)). In turn, this can be written as the sum of two components. Speci�cally,

ln f(yn; �njxn;�) = ln f(ynj�n;xn;b;
) + ln p(�njxn;�); (10)

where the conditional log-likelihood function of the regression models for yn given �n and xn is

ln f(ynj�n;xn;b;
) =

KX
k=1

�kt ln f(ynj�kt = 1;xn;bk;
k)

=
KX
k=1

�kt

�
�M
2
ln 2� � 1

2
ln j�kj �

1

2
"�0n (bk;
k)"

�
n(bk;
k)

�
; (11)

with "�n(bk;
k) = �
�1=2
k (yn�Bkxn) denoting the value of yn conditionally standardised according

to the kth regime, and the marginal log-likelihood function of the multinomial variable �n given

xn is

ln p(�njxn;�) =
KX
k=1

�kn ln�k(�); (12)

with �k(�) = Pr(�n = 1jxn;�) 8n speci�ed in (2). The multiple sequential cuts on the vector of

K[MP+M(M+1)=2+1]�1 parameters � performed by this additive log-likelihood decomposition

allows us to obtain very easily the score vector and Hessian matrix that appear in the in�uence

functions for the IM test (6). On this basis, we can show that:

Proposition 1 1. The IM test of model (1) when �n is observed coincides with a moment test
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based on the following groups of in�uence functions:

mk
hn(bk;
k) = �knH2["

�
n(bk;
k)]
 vech(xnx

0
n); (13)

mk
an(bk;
k) = �knH3["

�
n(bk;
k)]
 xn; and (14)

mk
fn(bk;
k) = �knH4["

�
n(bk;
k)] (15)

for k = 1; : : : ;K, where

Hr("
�) =

26664
Hr;0;��� ;0("�)
Hr�1;1;��� ;0("�)

...
H0;��� ;0;r("�)

37775 =
26664

Hr("
�
1)

Hr�1("�1)H1("
�
2)

...
Hr("

�
M )

37775
is the

�
M+r�1

r

�
vector containing the distinct multivariate Hermite polynomials of order r of

a standardised random vector "�, which coincide with the product of the relevant univariate

Hermite polynomials.

2. The asymptotic covariance matrix of those in�uence functions evaluated at the MLE cor-

rected for the sampling uncertainty in estimating the model parameters is the residual covari-

ance matrix in the multivariate regression of (13)-(15) onto the following in�uence functions:

mk
ln(bk;
k) = �knH1["

�
n(bk;
k)]
 xn

mk
sn(bk;
k) = �knH2["

�
n(bk;
k)]

�
k = 1; : : : ;K; (16)

un(�); (17)

where

un(�) = [u2n(�); : : : ; uKn(�)]
0 = [�2n � �2(�); : : : ; �Kn � �K(�)]0 (18)

are the generalised residuals of the multinomial logit (2), which span the score vectors cor-

responding to bk, 
k and �, respectively.

3. The asymptotic distribution of the IM test under correct speci�cation when xn has �nite

fourth moments will be a �2 random variable with degrees of freedom equal to

K

��
P (P+1)

2
�I(12hxi])

�
(M+1)M

2
+
P (M+2)(M+1)M

6
+
(M+3)(M+2)(M+1)M

24

�
; (19)

where I(:) denotes the indicator function and hxi the linear span of x.

Importantly, there are no IM in�uence functions associated to the cross-products of the con-

ditional mean and variance parameters across regimes because the Hessian is block diagonal and

the cross-products of the mean and variance score vectors for di¤erent k�s are identically 0 in view

of (16) since �k�` = 0 for 8k 6= `.
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In addition, there are no IM in�uence functions for the multinomial model because they are

spanned by the score (17) (see Amengual, Fiorentini and Sentana (2025b)). Intuitively, this

simply re�ects the fact that (2) is e¤ectively a convenient parametrisation of an unrestricted,

non-parametric model.

Finally, there are no IM in�uence functions for the cross-products of the conditional mean and

variance parameters for each regime with the parameters of the multinomial probabilities because

the Hessian is also block diagonal between (bk;
k) and �, �
2
k = �k 8k and �k�` = 0 for 8k 6= `,

so that one can span the Kronecker product of (16) with (17) using the in�uence functions (16).

Proposition 1 allows us to provide a very intuitive interpretation to the in�uence functions

underlying the IM test. In particular, (13) can be regarded as the multivariate counterpart to

White�s (1980) heteroskedasticity test. In turn, (14) is a multivariate version of what Bera and

Lee (1993) called a test for �heterocliticity� (i.e., conditional asymmetry) in linear regression

models, which will include unconditional skewness of the standardised residuals if the regressors

include a constant term. Finally, (15) is the multivariate analogue to the Kiefer and Salmon

(1983) version of the kurtosis component of the Jarque and Bera (1980) test. Consequently, the

IM test for the entire model coincides with the combination of the IM matrix test for multivariate

linear regression models in Amengual, Fiorentini and Sentana (2022) for each of the K regimes.

Therefore, the number of degrees of freedom equals K times the degrees of freedom of the IM

test for a multivariate regression model, which is substantially lower than a simple count of the

number of in�uence functions in (6).

2.3.2 The asymptotic covariance matrix

Given that �k�` = 0 for 8k 6= `, the IM in�uence functions and scores are uncorrelated across

components. Therefore, one would simply need to compute the joint conditional covariances of

(13)-(17) within each regime. Let us start with the conditional covariances of (13)-(16) with (17).

To compute these conditional covariances, we simply need to compute Ef�knHr["
�
n(bk;
k)]u

0
n(�)g

for r = 1; : : : ; 4 thanks to the law of iterated expectations. At the true values of the parameters,

though, "�n(bk;
k) = "
�
n when �kn = 1, which is independent of �n in view of (1). Consequently,

all these conditional covariances will be 0 too.

Let us now turn to the joint conditional covariances of (13)-(16) within each regime. Amengual,

Fiorentini and Sentana (2022) provide computationally simple closed-form expressions for the joint

conditional covariance matrix of the IM in�uence functions for a multivariate regression model

with a single regime, which scaled by ��1k provide the corresponding expressions for the conditional

covariance matrix of (13), (14), (15) and (16) for regime k because in large samples a fraction �k of

the observations will come from that regime. Each of these K conditional covariance matrices will
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be almost block-diagonal because all multivariate Hermite polynomials have a zero conditional

mean and a known constant conditional variance given xn,1 and they are uncorrelated for di¤erent

orders (see e.g. Holmquist (1996) or Rahman (2017)). The only exception a¤ects the covariance

of (13) with mk
sn(bk;
k), which is a full-rank linear transformation of the score of the residual

covariance matrix 
k. As a result, one would only need to regress (13) on H2["
�
n(bk;
k)] for those

observations for which �kn = 1 to purge the IM in�uence functions from sampling uncertainty

resulting from the estimation of the mean and variance parameters of the kth regime. But when

the regressors include either a constant term or an exhaustive set of dummy variables that add up

to a constant term, such a regression will be e¤ectively eliminating the
�
M+1
2

�
in�uence functions

corresponding to H2["
�
n(bk;
k)] 
 1 from (13) because the sample average of �knH2["

�0
n (b̂k; 
̂k)]

is equal to 0 from the �rst order conditions for 
k, which explains the presence of the term

P (P + 1)

2
� I(1 2 hxi]) = rankfV

�
vech(xnx

0
n)
�
g

in (19).

Let

�mk
lN (�) =

1PN
n=1 �kn

NX
n=1

mk
ln(�) for l = h; a; f:

and assume that xn has �nite fourth moments. Then, the almost perfect block-diagonality of the

conditional covariance matrix of the in�uence functions that appear in Proposition 1 that we have

just seen imply that the IM test of a switching regression model will be asymptotically equivalent

under the null hypothesis of correct speci�cation to the sum over k of the sum of the following

three moment tests:

hkhN = N � �mk0
hn(�̂N )V̂

�[mk
hN (�̂N )] �m

k
hN (�̂N ); (20)

hkaN = N � �mk0
an(�̂N )V̂

�1[mk
aN (�̂N )] �maN (�̂N ); (21)

and

hkfN = N � �mk0
fN (�̂N )V̂

�1[mk
fN (�̂N )] �mkN (�̂N ); (22)

where

lim
N!1

V [
p
N �mhT (�̂N )] = ��1k V fH2("

�
kt)]g 
 V

�
vech(xnx

0
n)
�

(23)

lim
N!1

V [
p
N �maT (�̂N )] = ��1k V fH3["

�
n(�)]g 
 E(xnx0n); and (24)

lim
N!1

V [
p
N �mkT (�̂N )] = ��1k V fH4["

�
n(�)]g;

1Speci�cally, the diagonal elements of V [H2("
�)] are V ("�2i -1) = 2 and V ("�i "

�
i0) = 1; for i0 6= i, while those of

V [H3("
�)] are V ("�3i -3"

�
i ) = 6, V ("

�2
i "

�
i0 -"

�
i0) = 2 for i

0 6= i and V ("�i "�i0"�i00) = 1 for i00 6= i0 6= i. Finally, the diagonal
elements of V [H4("

�)] are V [("�2i -3"
�
i )
2-6] = 24, V ("�2i "

�2
i0 -"

�2
i -"

�2
i0 +1) = 4 for i

0 6= i, V ("�3i "�i0 -3"�i "�i0) = 6 for i0 6= i,
V ("�2i "

�
i0"

�
i00 -"

�
i0"

�
i00) = 2 for i

00 6= i0 6= i, and V ("�i "�i0"�i00"�i000) = 1 for i000 6= i00 6= i0 6= i (see Amengual, Fiorentini and
Sentana (2024b) for further details).
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which converge in distribution to three independent chi-square random variables whose degrees

of freedom are
�
M+1
2

�
rankfV [vech(xnx0n)]g,

�
M+2
3

�
and

�
M+3
4

�
, respectively.

Given that the diagonal covariance matrices of Hk("
�
n) for k = 2; 3; 4 do not depend on any

unknown quantities under the null of correct speci�cation as we explain in footnote 1, under

standard regularity conditions one can consistently estimate (23) and (24) by simply replacing

V [vech(xnx
0
n)] and E(xnx

0
n) by their sample counterparts and the �

0
ks by the corresponding

sample frequencies.

2.4 The IM test in the incomplete data model

2.4.1 The in�uence functions

In many relevant empirical situations, the subpopulation of origin of the observations is

unknown, which renders � unobserved. In that case, the relevant log-likelihood function for

inference purposes is given by XN

n=1
ln f(ynjxn;�);

where

f(ynjxn;�) =
KX
k=1

�kf(ynj�kt = 1;xn;bk;
k)

because, once again, we can ignore the marginal component of the regressors due to their weak

exogeneity.

Unfortunately, the additive decomposition of the complete data log-likelihood (10) and its

associated sequential cuts that simpli�ed the expressions for the score vector and Hessian matrix

no longer apply. For that reason, many authors have proposed the EM algorithm popularised by

Dempster, Laird and Rubin (1977) for estimating such highly non-linear models, whose recursions

consist of a sequence of reweighted linear regression estimators (see e.g. Hartley (1978) for the

univariate case and Appendix B for the multivariate one).

As we argued in the introduction, we can also successfully apply the EM principle to simplify

the calculation of the IM test in this model. Let � = (y0; �0)0 denote the complete data and

y = (IM j0M�K)� its mapping to the observed data y, which implicitly de�nes a subset R of ��s

compatible with the observations. Given that the boundary of R does not depend on � in model

(1), we can use the law of iterated expectations to prove a conditional version of Proposition 1

in Amengual, Fiorentini and Sentana (2024a), which says that for each value of the exogenous

regressors x, the in�uence functions of the IM test for the incomplete data based on the conditional

log-likelihood function ln f(ynjxn;�) are the expected value conditional of the observed variables

of the in�uence functions underlying the IM test for the complete data based on the joint log-

likelihood function (10).
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Let

wkn(�)=E(�knjyn;xn;�)=Pr(�kn=1jyn;xn;�)=
�kn(�)j�kj�1=2�M ["�n(bk;
k)]PK
j=1 �jn(�)j�j j�1=2�M ["�n(bj ;
j)]

(25)

denote the posterior probability that observation n came from the kth regime, where �M (:) is the

M -variate spherical normal density. We can prove the following result:

Proposition 2 1. The IM test of model (1) when �n is unobserved coincides with a moment
test based on the following groups of in�uence functions:

wkn(�)H2["
�
n(bk;
k)]
 vech(xnx

0
n); (26)

wkn(�)H3["
�
n(bk;
k)]
 xn; and (27)

wkn(�)H4["
�
n(bk;
k)]; (28)

for k = 1; : : : ;K.

2. The asymptotic covariance matrix of those in�uence functions evaluated at the MLE cor-
rected for the sampling uncertainty in estimating the model parameters is the residual covari-
ance matrix in the multivariate regression of (26)-(28) onto the following in�uence functions:

wkn(�)H1["
�
n(bk;
k)]
 xn; (29)

wkn(�)H2["
�
n(bk;
k)]; (30)

for k = 1; : : : ;K and
wkn(�)� �k(�) (31)

for k = 2; : : : ;K.

3. The asymptotic distribution of the IM test will be a �2 random variable with the same number
of degrees of freedom (19) as in Proposition 1.

It is straightforward to see that the sum of the in�uence functions (29) constitutes a basis for

the scores of bk obtained by means of the EM principle by Hartley (1978) for the univariate case

and Appendix B for the multivariate one, while the sum of (30) is the basis for the scores of 
k

obtained in the same manner. Intuitively, the sum of (29) coincides with the average of the usual

orthogonality conditions for the regression parameters of the kth regime weighted by the posterior

probability that yn belongs to that regime. Similarly, the sum of (30) forces the covariance matrix

of the standardised residuals of the kth multivariate regression to be the identity matrix once we

weight them again by the posterior probability that yn belongs to that regime. Finally, (31)

imposes that the di¤erences between the posterior and prior probabilities of the event �kn = 1

have a zero sample mean.

In addition, we can interpret (26) as the expected value of the in�uence functions that underlie

the multivariate test for heteroskedasticity in the regression residuals of the kth regime weighted

again by the posterior probability that yn belongs to that regime. Entirely analogous comments

10



apply to (27) in relation to testing for conditional heterocliticity in those residuals given the

regressors, and (28) as far as their unconditional kurtosis in concerned.

Once more, there are no in�uence functions associated to the cross-products of the mean and

variance parameters across regimes. Similarly, there are no in�uence functions for the multinomial

probabilities or their cross-products with the conditional mean and variance parameters. In this

respect, the use of the EM principle proves invaluable for �guring out the right number of degrees

of freedom for the IM test is (19) rather than the number of in�uence functions in (6).

2.4.2 The asymptotic covariance matrix

As we explained at the end of section 2.2, the feasible version of IM test statistic suggested

by Chesher (1983) and Lancaster (1984), which is N times the R2 in the regression of a vector

of N ones onto sn(�̂N ) and vech[hn(�̂N ) + sn(�̂N )s
0
n(�̂N )], e¤ectively replaces the elements of

R(�0), U(�0) and I(�0) by their sample counterparts evaluated at �̂N . However, given that this

yields very noisy estimators that induce substantial size distortions under the null hypothesis of

correct speci�cation, we propose another feasible version of the IM test that replaces �0 with

�̂N in the theoretical expressions for R(�0), U(�0) and I(�0) and unconditional expectations by

sample averages.

Although the calculation of those asymptotic covariance matrices is more involved than in the

observed case, we can still obtain �closed-form�expressions for them conditional on x as follows.

Let n(�;�;x) denote a vector in�uence functions of the complete data � such that

E� [n(�;x;�)jx] = 0

when both the expectation and the in�uence function are evaluated at the same value of the

model parameters, �. In addition, let

m(y;x;�) = E�jy;x[n(�;x;�)jx]:

We can then prove the following conditional version of Proposition 2 in Amengual, Fiorentini

and Sentana (2024a), which exploits again the fact that the complete model is much simpler to

work with than the incomplete one:

Vyjx[m(y;x;�)] = V�jx[n(�;x;�)]� EyjxfV�jy;x[n(�;x;�)]g

and

Eyjx

�
m(y;x;�)

@ ln f(yjx;�)
@�0

�
= �Eyjx

�
@m(y;x;�)

@�0

�
=E

� jx

�
n(�;x;�)

@ ln f(�jx;�)
@�

�
�Eyjx

�
cov�jy;x

�
n(�;x;�);

@ ln f(�jx;�)
@�

��
:

11



The �rst elements of the above expressions coincide with the covariance matrix of the in�uence

functions and scores of the complete model obtained in section 2.3. As for the second elements,

for a given value of xn, we can easily obtain analytical expressions for the relevant expected

values conditional on the observed dependent variables yn and the regressors using the results

in section 3.3 of Amengual, Fiorentini and Sentana (2024a). Unlike what happens in the case

of �nite mixtures, though, we must now use the numerical quadrature procedure employed in

that paper N times because the posterior weights (25) depend on the values of the regressors,

which change from observation to observation. Once this is done, we can consistently estimate the

covariance matrices without conditioning on x by simply taking sample averages of the theoretical

conditional expressions.

3 Monte Carlo simulations

3.1 Size properties

The asymptotic �2 distribution of the IM test statistic may o¤er a poor approximation in

�nite samples. For that reason, we assess test sizes by simulating 10,000 samples of length N = 75

and N = 300 for univariate switching regressions with Gaussian errors within each of two possible

regimes, a design motivated by the empirical application in section 4. We construct the regressor

matrix by combining a constant with a standard normal random variable, which we keep �xed

in repeated samples.2 In addition, we set � = (1=4; 3=4)0, b1 = (5;�1:5)0, b2 = (0; 0:2)0, and


 = (0:5; 1)0. We also consider a parametric bootstrap procedure in which we simulate B = 99

samples from model (1) with � replaced with �̂N .

As stated in Proposition 2, the asymptotic distribution of our proposed IM test is �2 with

degrees of freedom equal to (19). Similarly, each group of the IM in�uence functions that appear

in Proposition 2.1 also give rise to moments tests whose limiting distributions are �2, with degrees

of freedom equal to K
�
M+1
2

�
[
�
P+1
2

�
� 1] (conditional heteroskedasticity), KP

�
M+2
3

�
(conditional

and unconditional skewness), and K
�
M+3
4

�
(unconditional kurtosis).

As expected, we �nd huge over-rejections using the asymptotic-based critical values when we

rely on sample second moments. In contrast, we typically �nd much smaller under-rejections

using our theoretical expressions for the covariance matrices of the in�uence functions. Finally,

combining those expressions with the parametric bootstrap practically eliminates size distortions.

2To reduce the e¤ects of Monte Carlo variability even further, one could draw the Gaussian variable by applying
the standard normal quantile function to N points equally spaced between :5=N and 1� :5=N .
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3.2 Power properties

It is also of interest to investigate the power properties of our test. To do so, we simulate

2,500 samples of the same length as in the previous subsection from the following four alternatives:

Dgp A: Switching regression with two groups but asymmetric t errors: We again set � = (1=4; 3=4)0,

b1 = (5;�1:5)0, b2 = (0; 0:2)0, 
 = (0:5; 1)0 but the errors "kn follow a zero mean, unit

variance asymmetric t distribution with 12 degrees of freedom and skewness parameters �5

and 5, respectively (see Mencía and Sentana (2012) for details).

Dgp B: Switching regression with two groups and Gaussian errors but heterogenous intercepts, slopes

and residual variances: Once more, we choose � = (1=4; 3=4)0, but within each regime

k = 1; 2, the augmented coe¢ cient vector (bk0n; bk1n; log 
kn) follows a trivariate normal dis-

tribution with mean vectors �1 = (5;�1:5; log 0:1)0 and �2 = (0; 0:2; log 0:2)0, and equicor-

related covariance matrices that combine a common pairwise correlation equal to 2=3 with

(1:5; 1:0; 0:5)0 as standard deviations.3

Dgp C: Switching regression with three groups and Gaussian errors: We set � = (1=3; 1=3; 1=3)0,

the regime-speci�c regression coe¢ cients to b1 = (2:0;�0:5)0, b2 = (1:0;�0:2)0, and b3 =

(0; 0:5)0, and common variances 
k = 0:1 for k = 1; 2; 3.

Dgp D: Non-switching regression with errors that follow a skewed generalised error distribution

(SGED): We consider the single-regime linear regression yn = b0xn + 
1=2"�n with b =

(0; 0:2)0, 
 = 1, and "�njxn � i:i:d: SGED with skewness parameter � = 0:70136 and tail

parameter � = 1:19668 standardised to have zero mean and unit variance, for which we have

used the expressions in Theodossiou (1998) and Fernández and Steel (1998).

As can be seen in Table 2, we �nd non-negligible power against all these four DGPs. However,

some components of the IM test are better suited than others to detect speci�c departures from the

null. In particular, the heteroskedasticity component captures continuous (Panel B) and especially

discrete (Panel C) unobserved heterogeneity. In turn, the kurtosis component and especially the

3To sample from the trivariate spherical normal underlying the random coe¢ cients in both regimes, we can
use spherical coordinates and combine the square root of a �23 that determines its length with an independent
uniform on the surface of the unit sphere in R3 that determines its direction. To obtain the latter, one can draw
two independent random variables v1 and v2 that are uniform on (0; 1) each, and then transform them into two
angles that de�ne the spherical coordinates by setting � = 2�v1 and � = arccos(2v2 � 1). Finally, one transforms
those spherical coordinates into Cartesian ones as u1 = sin� cos �, u2 = sin� sin � and u3 = cos�. This procedure
generalises the use of polar coordinates to draw a standard bivariate normal by combining a uniform angle between
0 and 2� that determines its direction with an independent �22 whose square root determines its Euclidean norm.
To minimise Monte Carlo uncertainty, we force v1 and v2 to lie on an equally spaced grid with �ve points each over
[0; 1] and �x a third independent discrete uniform variable v3 over an equally space grid between 0 and 1 with either
3 points when N = 75 or 12 points when N = 300, �nally using the gamma quantile function for transforming v3
into a �23.
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skewness one detect non-Gaussian residuals (Panel A). Finally, the kurtosis component is the

most powerful when there is a single regime but the errors follow an SGED distribution (Panel

D).4

In summary, our decomposition of the joint IM test into its components provides �exible

diagnostics adaptable to diverse empirical settings and sample sizes while, at the same time,

delivers directions to re�ne the estimated model when the speci�cation of some of its aspects is

rejected in the sample at hand.

4 Empirical illustration

Di Vaio and En�o (2011) analyse the �-convergence of real per capita income using data for

64 countries over the period 1870�2003, which they obtain from the 2007 Maddison database.

The main novelty of their approach is that when they regress the average annual rate of growth

on initial (log) income, they allow the intercept, slope and residual variance to vary across two

di¤erent but unknown groups of countries by means of a univariate version of the switching

regression model (1).

They �nd that real per capita income converges for one group of countries but diverges for

the other. They also �nd that the residual variance of the second group is much larger than the

residual variance of the �rst one. Finally, they assign countries to those two groups on the basis

of the estimated posterior probabilities wkn(�̂N ).

In Figure 1a, we depict the estimated regression lines and classi�cation of countries that

we obtain using the 2010 Maddison database instead of the 2007 version they use.5 Still, the

parameter estimates we report in the �rst block of columns of Panel A in Table 3 are (almost)

identical to the ones in Table 3 of Di Vaio and En�o (2011).

We then take their speci�cation as given and apply the IM test and its components to this

switching regression model. As can be seen from the second and third block of columns of Panel

A in Table 3, we are unable to reject the null hypotheses of conditional homoskedasticity and

homocliticity and unconditional mesokurtosis for the two regimes, so their chosen speci�cation

seems compatible with the data.

Di Vaio and En�o (2011) also �nd two unknown groups of countries during the subperiod

1950�2003, both of which converged, but the speed of convergence was noticeably lower for one

of them and the residual variance larger, as can be seen in Figure 1b. We include the parameter

estimates for this more recent subsample in Panel B of Table 3. Once again, the IM test and

4We obtain a similar pattern when we consider bootstrap versions of the OPS version of the IM tests but the
rejection rates are signi�cantly lower compared to those in Table 2. These results are available on request.

5For computing rates of growth, we identify Russia with the USSR.
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its components we report in the same panel are unable to reject the correct speci�cation of their

model over this subperiod.

5 Extensions and directions for further research

The model we have considered in this paper may be excessively general for some purposes.

For example, an empirical researcher might have good reasons to restrict some of the regressions

coe¢ cients or the residual variances to be common across regimes. Fortunately, the usual chain

rules for �rst and second derivatives would immediately yield the relevant in�uence functions for

the IM test and their asymptotic covariance matrices in those restricted models as a function of

the corresponding elements in the unrestricted model that we have considered in Proposition 2.

On the other hand, model (1) may be excessively restrictive in other contexts. For example,

empirical researchers sometimes model the elements of � as functions of some potentially di¤erent

exogenous regressors using a multinomial logit model. In Amengual, Fiorentini and Sentana

(2025c) we develop the IM test for a version of that model without mean regressors. Given

that the assumption of i:i:d: observations is also problematic in dynamic contexts, in Amengual,

Fiorentini and Sentana (2025b) we derive the IM test for Markov switching processes in which

each column of the transition matrix is given by a multinomial logit model. We are currently

considering the application of the EM principle to obtain the IM test in several other empirically

relevant models with latent variables.
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Appendices

A Proofs

A.1 Proof of Proposition 1

In the complete model, the multiple sequential cuts on the vector of parameters performed

by the additive log-likelihood decompositions in (11) and (12) allows us to obtain very easily the

score vectors, Hessian matrices, and in�uence functions for the IM test for the each of the K

conditional models for yn given �kn, as well as the marginal model for �n. Speci�cally:

@ ln f(yn; �njxn;b;
;�)
@bk

=
@ ln f(ynj�n;xn;b;
)

@bk
= �knvec[�

�1=2
k "�n(bk;
k)x

0
n];

@ ln f(yn; �njxn;b;
;�)
@
k

=
@ ln f(ynj�n;xn;b;
)

@
k

= ��kn
1

2
D0
M (�

�1=20
k 
 ��1=20k )vec["�n(bk;
k)"

�0
n (bk;
k)� IM ]

and
@ ln f(yn; �njxn;b;
;�)

@�k
=
@ ln p(�njxn;�)

@�k
= �kn

1

�k(�)
;

for k = 1; : : : ;K, where DM is the duplication matrix of order M (see Magnus and Neudecker

(2019)). But given that

@�k(�)

@�k
=

1�PK
`=2 e

�`

�2 he�k �PK
`=2 e

�l
�
� e2�k

i
= �k(�)[1� �k(�)];

for k = 2; : : : ;K,
@�k(�)

@�j
=

�e�ke�j�PK
`=2 e

�`

�2 = ��k(�)�j(�)
for j 6= k, and

@�1(�)

@�j
= � 1�PK

`=2 e
�`

�2 e�j = ��1(�)�j(�);
the score with respect to �j (j = 2; : : : ;K) will be given by

@ ln f(yn; �njxn;b;
;�)
@�j

=
@ ln p(�njxn;�)

@�j
=
PK
k=1 �kn[I(j = k)��j(�)] = �jn��j(�) = ujn(�):

Consequently, we can write

sbkn(�) = �kn(IM 
 ��1=20k )fxn 
H1["
�
n(bk;
k)]g; (A1)

s
kn(�) = �kn
1

2
D0
M (�

�1=20
k 
 ��1=20k )DMH2["

�
n(bk;
k)] (A2)

for k = 1; :::;K, and

s�jn(�) = ujn(�) (A3)
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for j = 2; :::;K; which con�rms that the scores of the conditional mean parameters will be spanned

by fH1["
�
n(bk;
k) 
 xng because (IM 
 ��1=20k ) has full rank and fxn 
 H1["

�
n(bk;
k)]g =

KNNfH1["
�
n(bk;
k) 
 xng, where KNN is the full rank commutation matrix of orders N;N

(see Theorem 9.c in Magnus and Neudecker (2009)), the scores of the covariance parameters by

H2["
�
n(bk;
k)] because (�

�1=20
k 
��1=20k ) is also of full rank, and the score of the logit parameters

by the generalised residuals, as stated in the second part of the proposition.

To obtain the in�uence functions of the information matrix test corresponding to the con-

ditional log-likelihood function (11), it is convenient to apply to each of the components the

expressions for the Hessian matrix of a Gaussian log-likelihood in a multivariate regression model

in Amengual, Fiorentini and Sentana (2022). This yields:

@2 ln f(ynj�n;xn;b;
)
@bk@b

0
k

= ��knfxnx0n 
 ��1k g (A4)

@2 ln f(ynj�n;xn;b;
)
@bk@


0
k

= ��kn[xn"�0n (bk;
k)�
�1=2
k 
 ��1k ]DM (A5)

and

@2 ln f(ynj�n;xn;b;
)
@
k@


0
k

= ��knD0
Mf��1k 
[��1=20k "�n(bk;
k)"

�0
n (bk;
k)�

�1=2
k � 1

2
��1k ]gDM : (A6)

Therefore, the sum of the outer product of the score and the Hessian of the conditional model

yields the following three terms:

bkbk: �kn[xnx
0
n 
 �

�1=20
k "�n(bk;
k)"

�0
n (bk;
k)�

�1=2
k ]� (xnx0n 
 ��1k ); (A7)


kbk : �kn
1

2
D0
Mvec[�

�1=20
k "�n(bk;
k)"

�0
n (bk;
k)�

�1=2
k � ��1k ][x

0
n 
 "�0n (bk;
k)�

�1=2
k ]

�D0
M [�

�1=20
k "�n(bk;
k)x

0
n 
 ��1k ]; (A8)

and


k
k: �kn
1

4
D0
Mvec[�

�1=20
k "�n(bk;
k)"

�0
n (bk;
k)�

�1=2
k � ��1k ]

� vec0[��1=20k "�n(bk;
k)"
�0
n (bk;
k)�

�1=2
k � ��1k ]DM

�D0
Mf��1k 
 [��1=20k "�n(bk;
k)"

�0
n (bk;
k)�

�1=2
k � 1

2
��1k ]gDM : (A9)

A straightforward application of the arguments in the proof of Proposition 1 of Amengual,

Fiorentini and Sentana (2024b) shows that the expressions for the symmetrised version of the

sum of the Hessian and the outer product of the scores are spanned by (13), (14) and (15) (see

Holly & Gardiol (1995) for the properties of the Holmquist (1996) symmetrisation operators in

this context, as well as Theorem 9.c in Magnus and Neudecker (2009) for the permutation of

Kronecker products using the commutation matrix).
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All the remaining in�uence functions involving conditional mean and variance parameters

from di¤erent components will be zero because �k�` = 0 8k 6= `.

Let us now look at the second derivatives of the marginal log-likelihood function (12). Given

(A3), we will have
@2 ln p(�njxn;�)

@�j@�
0
j

= ��j(�)[1� �j(�)]

and
@2 ln p(�njxn;�)
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Therefore,
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= ��`(�)[�jn��j(�)]��j(�)[�`n��`(�)]

because �2j = �j and �j�` = 0 8k 6= `. Consequently, these in�uence functions are spanned by

(A3), so we can ignore them in computing the IM test.

The only in�uence functions left are the ones corresponding to the combinations of the con-

ditional mean and variance parameters with the logit parameters. Given that the Hessian is

block-diagonal between those groups of parameters, we simply need to look at the products of

the scores. Once again, the fact that �j�` = 0 8k 6= ` implies that the only terms we should focus

on are

sbkn(�)
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= �kn(IM 
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because �2k = �k. Consequently, these in�uence functions are spanned by (A1) and (A2), respec-

tively, so we can also ignore them in computing the IM test.

Finally, the number of degrees of freedom re�ects the number of elements in (13), (14) and

(15), but with an adjustment for the possibility that the regressors either include a constant term

or a exhaustive set of dummy variables that span a constant term. �
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A.2 Proof of Proposition 2

The proof is a straightforward application of a conditional version of Proposition 1 in Amen-

gual, Fiorentini and Sentana (2024a) to the expressions that appear in the proof of Proposition 1

above. �

B The EM algorithm

The EM principle implies that the scores of the log-likelihood function of yn given xn will be

given by
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These equations immediately imply that the recursions of the EM algorithm will be given by
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(h�1);
(h�1);�(h�1)): (B11)

Given that (25) is homogeneous of degree zero in �, in principle these posterior probabilities

are compatible with values of � outside the unit simplex. Nevertheless, a useful property of

the EM algorithm is that it automatically imposes the relevant inequality restrictions on the

estimators of � because
PK
k=1wkn(�) = 1 regardless of the values of yn and �. Therefore, there

is no need to use parametrisation (2) at each iteration, only at the very last one, relying on (B11)

for all previous ones.
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Table 1: Finite sample properties: Null hypothesis

Panel A: Asymptotic size properties for N = 75
Test version

OPS IM
Size 10% 5% 1% 10% 5% 1%

Joint 95.29 92.74 84.73 5.52 3.84 1.91
White 39.11 26.78 10.40 6.56 3.50 1.10
Skewness 53.84 42.96 24.06 5.73 3.43 1.32
Kurtosis 60.05 53.01 39.95 3.25 2.13 0.90

Panel B: Bootstrap size properties for N = 75

Test version
OPS IM

Size 10% 5% 1% 10% 5% 1%
Joint 6.00 2.24 0.26 9.68 4.60 0.91
White 8.38 3.99 0.61 9.75 4.93 0.97
Skewness 8.51 3.83 0.55 9.98 4.82 0.91
Kurtosis 8.69 4.16 0.92 9.96 4.93 1.11

Panel C: Asymptotic size properties for N = 300

Test version
OPS IM

Size 10% 5% 1% 10% 5% 1%
Joint 66.52 58.08 42.01 9.11 5.78 2.57
White 24.07 15.68 5.18 8.10 4.44 1.32
Skewness 25.49 16.43 6.25 8.73 5.34 2.00
Kurtosis 31.78 24.77 15.27 6.28 3.72 1.53

Panel D: Bootstrap size properties for N = 300
Test version

OPS IM
Size 10% 5% 1% 10% 5% 1%

Joint 9.89 4.73 0.93 9.92 4.92 0.83
White 10.05 4.78 0.85 9.60 4.63 0.96
Skewness 9.98 4.79 1.19 9.93 5.18 1.17
Kurtosis 9.74 4.92 1.14 9.79 4.84 0.95

Notes: Monte Carlo empirical rejection rates based on 10,000 replications. OPS refers to the version of the
statistic proposed by Chesher (1983) and Lancaster (1984), while IM to the feasible version that makes
use of the theoretical expressions replacing the true parameter values �0 by their MLEs �̂N . Panels A and
C contain rejection rates based on asymptotic critical values corresponding to a �2 distribution with 10,
4, 4 and 2 degrees of freedom (sorted by rows), while those in Panels B and D are based on a parametric
bootstrap procedure in which we simulate B = 99 samples from the switching regression model estimated
under the null.
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Table 2: Finite sample properties: IM test (Bootstrap power)

Panel A: Two groups, asymmetric t errors
N = 75 N = 300

Size 10% 5% 1% 10% 5% 1%
Joint 57.88 44.60 19.88 99.52 98.72 83.40
White 21.08 14.00 4.96 42.96 31.40 14.76
Skewness 67.04 53.56 23.92 99.88 99.64 91.56
Kurtosis 36.76 29.00 13.68 78.08 70.36 45.24

Panel B: Two groups, heterogenous parameters
N = 75 N = 300

Size 10% 5% 1% 10% 5% 1%
Joint 51.32 28.76 4.40 99.80 98.36 72.44
White 22.36 12.40 3.24 59.92 48.64 26.36
Skewness 73.20 56.96 15.52 91.52 88.28 81.80
Kurtosis 15.60 6.52 0.68 21.64 11.16 1.84

Panel C: Three groups
N = 75 N = 300

Size 10% 5% 1% 10% 5% 1%
Joint 72.00 58.04 18.84 99.12 97.04 90.84
White 81.96 73.20 45.92 99.16 98.20 93.84
Skewness 17.48 10.80 3.00 43.72 33.76 16.60
Kurtosis 12.20 4.40 0.32 30.40 14.32 1.04

Panel D: Linear regression with SGED errors
N = 300 N = 300

Size 10% 5% 1% 10% 5% 1%
Joint 54.52 46.16 27.20 78.72 69.84 45.92
White 26.00 16.92 5.80 23.56 14.92 5.36
Skewness 46.92 37.88 21.16 59.84 49.12 30.88
Kurtosis 58.00 51.40 31.92 85.08 77.60 54.84

Notes: Monte Carlo empirical rejection rates based on 2,500 replications. Test statistics computed using
the feasible version that makes use of the theoretical expressions replacing the true parameter values �0 by
their MLEs �̂N . Rejection rates based on a parametric bootstrap procedure in which we simulate B = 99
samples from the switching regression model estimated under the null.
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Table 3: Empirical Application: Convergence of real per capita income

Panel A: Period 1870�2003
Parameter Test Bootstrap
Estimates statistic p-values

k = 1 k = 2 OPS IM OPS IM

Intercept 7.026 -0.299 Joint 15.822 8.515 0.929 0.315
Slope -0.688 0.252 White 4.517 6.040 0.663 0.141
Variance 0.008 0.152 Skewness 4.641 1.987 0.717 0.565
Probability 0.232 0.768 Kurtosis 1.777 0.228 0.805 0.867

Panel B: Period 1950�2003
Parameter Test Bootstrap
Estimates statistic p-values

k = 1 k = 2 OPS IM OPS IM

Intercept 16.859 4.418 Joint 26.754 12.984 0.678 0.095
Slope -1.652 -0.316 White 7.002 5.021 0.463 0.191
Variance 0.031 0.981 Skewness 8.417 6.328 0.434 0.087
Probability 0.252 0.748 Kurtosis 0.977 0.296 0.900 0.829

Notes: As in Di Vaio and En�o (2011), we use real per capita income data for 64 countries over the period
1870-2003, but obtained from the 2010 Maddison database. OPS refers to the version of the statistic
proposed by Chesher (1983) and Lancaster (1984), while IM to the feasible version that makes use of the
theoretical expressions replacing the true parameter values �0 by their MLEs �̂N . p-values based on a
parametric bootstrap procedure in which we simulate B = 9999 samples from the switching regression
model estimated under the null.
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Figure 1:

Figure 1a: Period 1870�2003
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Figure 1b: Period 1950�2003
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Notes: As in Di Vaio and En�o (2011), we use real per capita income data for 64 countries over the
period 1870-2003, but obtained from the 2010 Maddison database.
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