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We propose a causal framework for applications where the outcome of interest is a unit-specific
response to events, which first needs to be measured from the data. We suggest a two-step
procedure: first, estimate unit-level event studies (ULES) by comparing pre- and post-event
outcomes of each unit to a suitable control group; second, use the ULES in causal analysis. We
outline the theoretical conditions under which this two-step procedure produces interpretable
results, highlighting the underlying statistical challenges. Our method overcomes the limitations of
regression-based approaches prevalent in the empirical literature, allowing for a deeper
examination of heterogeneity and dynamic effects. We apply this framework to analyze the impact
of childcare provision reform on the magnitude of child penalties in the Netherlands, illustrating its
ability to reveal nuanced positive relationships between childcare provision and parental labor
supply. In contrast, traditional regression-based analysis delivers negative effects, thereby
emphasizing the benefits of our two-step approach.
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Figure III: Correlation between Childcare Provision Levels and Child Penalties

(a) Earnings

(b) Participation

Notes: This figure presents the correlation between child penalties (CP) and the childcare provision index (CCI).
We aggregate the estimated individual CP at the municipality times year-of-conception level, following the em-
pirical strategy described in Section 3.2, and plot them against the CCI. For security reasons, only the cells with
more than 10 samples are used. The line represents the estimated coefficient from regressing the individual CP
on CCI. We divide the estimation between men in blue and women in orange. We present the results for each
estimate of the year relative to birth (h). Figure IIIa presents the correlations using CP estimates for earnings.
Similarly, Figure IIIb presents the correlations using CP estimates for participation. Our CCI for each munici-
pality is calculated by dividing the number of childcare jobs in a given municipality m and year t (N jobs

g,t ) by the
number of children under 5 years of age in the same locality (N children

g,t ).
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Figure IV: Effect of the childcare provision expansion on child penalties of earnings

(a) Ei − 1

(b) Ei + h

Notes: This figure presents the effect of the childcare provision expansion on child penalties (CP) in earnings,
split by the highest education attained. We use the specification in (6) and its generalization discussed in 4.3. In
particular, we regress the individual-level child penalties τ̂BJSi,h of earnings on the childcare index in the period
before childbirth, CCIg(i),Ei−1, and the levels of the contemporaneous policy, CCIg(i),Ei+h, with fixed effects of
the municipality at childbirth g(i), event time Ei, and the age at childbirth Ai. We split the estimation between
men (blue) and women (orange) and by final education attainment. IVa presents the coefficients and their 95%
confidential intervals for CCIg(i),Ei−1 and IVb for CCIg(i),Ei+h. Our childcare supply index (CCI) for each
municipality is calculated by dividing the number of childcare jobs in a given municipality m and year t (N jobs

g,t )
by the number of children under 5 years of age in the same locality (N children

g,t ).
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Figure V: Effect of childcare expansion: one-step approach

Notes: This figure presents discrete difference-in-differences estimates of the effects of the childcare expansion on
child penalties, described in Section 4.4. The pre-/post-period are 2000-2005 and 2011-2016, and the treatment
group is defined as the municipality where the childcare index increased by 10 percentages points from the pre-
period to the post-period. Our childcare supply index (CCI) for each municipality is calculated by dividing the
number of childcare jobs in a given municipality m and year t (N jobs

g,t ) by the number of children under 5 years
of age in the same locality (N children

g,t )
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A Figures and tables

Table A.1: Diagnostics of the childcare provision expansion policy and timing of childbirth

pbg,t pbg,t − pb−1
g,t−1

(1) (2)
CCIg,t−1 0.003

(0.008)
CCIg,t−1 − CCIg,t−2 0.004

(0.009)
N 218,416 188,115
R2 0.310 0.000
FE: Municipality (g) × Age (t− b) X

+ p < 0.1, * p < 0.05, ** p < 0.01, *** p < 0.001
Notes: The table presents the relationship between the conditional probability of having a child
and the lagged levels of the childcare index. In the first column, we estimate a linear equation
via OLS using the conditional probability of having a child in a given period as the outcome
and the lagged level of the childcare index with the interaction of municipality and age-fixed
effects as regressors. In the second column, we use the difference in conditional probabilities
as the outcome and the difference in lagged policy levels as the regressor. See Appendix B.6
for the relevant discussion.
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Table A.2: Placebo analysis of childcare index and pre-period child penalties (earnings)

(a) Men

High School Vocational Bachelor’s
τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1

CCIg(i),Ei−3 -0.205 -0.316 0.157 0.079 -0.036 0.008 0.088 0.065 -0.038
(0.201) (0.271) (0.218) (0.071) (0.080) (0.096) (0.084) (0.092) (0.104)

CCIg(i),Ei−2 0.152 0.170 0.089 -0.073 0.089 0.137 0.118 0.157 0.209
(0.221) (0.261) (0.246) (0.078) (0.103) (0.100) (0.120) (0.146) (0.158)

CCIg(i),Ei−1 0.002 -0.085 0.254 0.127* 0.100 0.062 0.033 0.063 0.211
(0.174) (0.250) (0.205) (0.057) (0.080) (0.081) (0.137) (0.133) (0.139)

N 26,823 26,823 26,823 72,242 72,242 72,242 34,920 34,920 34,920
R2 0.018 0.017 0.019 0.009 0.010 0.011 0.015 0.015 0.017
Municipality FE X X X X X X X X X
Event year FE X X X X X X X X X
Age at event FE X X X X X X X X X

+ p < 0.1, * p < 0.05, ** p < 0.01
(b) Women

High School Vocational Bachelor’s
τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1

CCIg(i),Ei−3 -0.292 -0.082 -0.125 -0.025 -0.022 -0.008 0.072 -0.047 0.062
(0.213) (0.208) (0.204) (0.079) (0.079) (0.090) (0.094) (0.134) (0.153)

CCIg(i),Ei−2 0.203 0.064 -0.042 0.114 0.106 0.085 0.024 0.000 -0.053
(0.236) (0.212) (0.209) (0.072) (0.085) (0.100) (0.101) (0.113) (0.139)

CCIg(i),Ei−1 0.002 0.099 -0.019 0.018 0.036 0.068 -0.006 0.049 -0.001
(0.149) (0.181) (0.216) (0.061) (0.076) (0.089) (0.103) (0.112) (0.137)

N 24,652 24,652 24,652 66,646 66,646 66,646 29,261 29,261 29,261
R2 0.022 0.026 0.027 0.011 0.014 0.015 0.019 0.019 0.023
Municipality FE X X X X X X X X X
Event year FE X X X X X X X X X
Age at event FE X X X X X X X X X

+ p < 0.1, * p < 0.05, ** p < 0.01

Notes: These tables present the pre-period relation between the childcare index
CCIg,Ei−3, . . . , CCIg,Ei−1 and the child penalties τ̃i,−3, . . . , τ̃i,−1. We run this placebo test split-
ting by gender and education and with the fixed effects of municipality, event year, and age at
first childbirth.

45



Table A.3: Placebo analysis of childcare index and pre-period child penalties (Participation)

(a) Men

High School Vocational Bachelor’s
τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1

CCIg(i),Ei−3 0.025 -0.035 0.130 0.040 -0.043 -0.054 -0.049 0.024 -0.017
(0.128) (0.128) (0.133) (0.050) (0.058) (0.063) (0.058) (0.083) (0.076)

CCIg(i),Ei−2 -0.021 0.129 -0.043 -0.015 0.094 0.158* 0.089 -0.015 0.080
(0.145) (0.178) (0.161) (0.052) (0.079) (0.063) (0.054) (0.081) (0.084)

CCIg(i),Ei−1 0.104 0.024 0.131 0.091* 0.087+ 0.017 0.027 0.071 0.062
(0.115) (0.123) (0.125) (0.039) (0.045) (0.048) (0.054) (0.058) (0.078)

N 26,823 26,823 26,823 72,242 72,242 72,242 34,920 34,920 34,920
R2 0.017 0.019 0.019 0.008 0.008 0.009 0.014 0.017 0.018
Municipality FE X X X X X X X X X
Event year FE X X X X X X X X X
Age at event FE X X X X X X X X X

+ p < 0.1, * p < 0.05, ** p < 0.01
(b) Women

High School Vocational Bachelor’s
τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1 τ̃i,−3 τ̃i,−2 τ̃i,−1

CCIg(i),Ei−3 0.158 0.068 0.198 0.086 0.126* 0.072 -0.013 -0.073 -0.010
(0.134) (0.153) (0.138) (0.053) (0.052) (0.063) (0.081) (0.078) (0.092)

CCIg(i),Ei−2 -0.035 0.157 -0.140 0.073 -0.009 0.098 -0.008 -0.020 -0.157
(0.149) (0.143) (0.147) (0.054) (0.063) (0.067) (0.091) (0.086) (0.099)

CCIg(i),Ei−1 0.021 0.072 0.049 -0.053 0.041 0.008 0.053 0.064 0.164
(0.116) (0.112) (0.144) (0.045) (0.047) (0.054) (0.079) (0.072) (0.100)

N 24,652 24,652 24,652 66,646 66,646 66,646 29,261 29,261 29,261
R2 0.017 0.019 0.019 0.007 0.009 0.011 0.017 0.020 0.024
Municipality FE X X X X X X X X X
Event year FE X X X X X X X X X
Age at event FE X X X X X X X X X

+ p < 0.1, * p < 0.05, ** p < 0.01

Notes: These tables present the pre-period relation between the childcare index
CCIg,Ei−3, . . . , CCIg,Ei−1 and the child penalties τ̃i,−3, . . . , τ̃i,−1. We run this placebo test split-
ting by gender and education and with the fixed effects of municipality, event year, and age at
first childbirth.
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Figure A.1: Child penalties by age at first childbirth and education level (earnings)

(a) High school

(b) Vocational

(c) Bachelor’s

Notes: This figure presents CP estimates for yearly earnings, aggregated by observables of interest—at age of first
childbirth and education level—as described in Section 3.2. Figure A.1a reports the average CP of individuals
with high school diplomas as the highest obtained degree, across age at first childbirth at all horizons. Similarly,
Figure A.1b reports for those who graduated from vocational school. Finally, Figure A.1c reports the results for
college-educated individuals.
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Figure A.2: CP by age at first childbirth and education level (participation)

(a) High school

(b) Vocational

(c) Bachelor’s

Notes: This figure presents CP estimates for labor-market participation margin, aggregated by observables of
interest—age at first childbirth and education level—as described in Section 3.2. Figure A.2a reports the average
CP of individuals with high school diplomas as the highest obtained degree, across age at first childbirth at all
horizons. Similarly, Figure A.2b reports for those who graduated from vocational school. Finally, Figure A.2c
reports the results for college-educated individuals.
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Figure A.3: Effect of the childcare provision expansion on child penalties (earnings)

(a) Ei − 1

(b) Ei + h

Notes: This figure presents the effect of the childcare provision expansion on child penalties (CP) in earnings,
split by the highest education attained. We use the specification in (6) and its generalization discussed in 4.3. In
particular, we regress individual-level child penalties τ̂BJSi,h on the childcare index in the period before childbirth,
CCIg(i),Ei−1, and the levels of the contemporaneous policy, CCIg(i),Ei+h, with fixed effects of municipality at
childbirth g(i), event time Ei, and the age at childbirth Ai. We split the estimation between men (blue) and
women (orange) and by the final education attainment. A.3a presents the coefficients and their 95% confidence
intervals for CCIg(i),Ei−1 and A.3b for CCIg(i),Ei+h. Our childcare supply index (CCI) for each municipality is
calculated by dividing the number of childcare jobs in a given municipality g and year t (N jobs

g,t ) by the number
of children under 5 years of age in the same locality (N children

g,t ).
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Figure A.4: Effect of the childcare provision expansion on child penalties (Participation)

(a) Ei − 1

(b) Ei + h

Notes: This figure presents the effect of childcare provision expansion on child penalties (CP) in participation,
split by the highest education attained. We use the specification in (6) and its generalization discussed in 4.3. In
particular, we regress the individual-level child penalties τ̂BJSi,h on the childcare index in the period before child-
birth, CCIg(i),Ei−1, and the levels of the contemporaneous policy, CCIg(i),Ei+h, with fixed effects of municipality
at childbirth g(i), event time Ei, and the age at childbirth Ai. We split the estimation between men (blue) and
women (orange) and by the final education attainment. A.4a presents the coefficients and their 95% confidence
intervals for CCIg(i),Ei−1 and A.4b for CCIg(i),Ei+h. Our childcare supply index (CCI) for each municipality is
calculated by dividing the number of childcare jobs in a given municipality g and year t (N jobs

g,t ) by the number
of children under 5 years of age in the same locality (N children

g,t ).
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B Theoretical details

B.1 Probability model
Consider a set of groups G, where |G| is finite, with g ∈ G being a generic group. Consider a random element
W—the observed policy intervention. For each g ∈ G, let PW|g be the g-specific distribution ofW .

Consider a unit characterized by observed attributes X with a birth cohort B being one of them. Also, each
unit is characterized by a random function ofW : E⋆(·)—the potential event calendar time. The relevant potential
event time is right-censored:

E(·) := E⋆(·)1{E⋆(·) ≤ Tmax}+∞1{E⋆(·) > Tmax},

where Tmax is deterministic and known. Finally, each unit is characterized by potential outcomes Yt(·), which are
functions ofW and are observed for t ∈ [B +Amin, B +Amax], whereAmin < Amax are deterministic and known.
We collect all these quantities into a random function of W : D(·) := (YB+Amin(·), . . . , YB+Amax(·), E(·), X). For
each g we let PD(·)

|g be the g-specific distribution of D(·). For consistency, we assume that B + Amax ≤ Tmax a.s.
for each group g.

We make our first assumption about the data.

Assumption B.1. (Strict Exogeneity)
For each g define the product distribution:

PD
|g := PW|g × PD(·)

|g . (B.1)

Let (Wg, YB+Amin(·), . . . , YB+Amax(·), E(·), X) be a draw from PD
|g. For each a ∈ [Amin, Amax] define YB+a :=

YB+a(Wg), E := E(Wg). The observed data are (YB+Amin
, . . . , YB+Amax

, E,X,Wg).

This assumption implies that the policy variable Wg is independent of unit-level potential outcomes and
fixed attributes but has a g-specific distribution. The identification in this setup reduces to accounting for the
differences in the distribution of Wg across groups. Below, we will discuss several scenarios of how this can be
done. Note that the resulting probability model is g-specific, and we do not put any probability measure on the
set G itself. As a result, the probability model can be viewed as a fixed population one, with groups playing the
role of the population. Alternatively, it can be viewed as a superpopulation model where we condition on the
realized groups.

In what follows, for brevity we use Eg[·] to denote the g-specific expectation conditional on the realizedWg,
e.g,

Eg[YB+a|E,X] := E[YB+a|E,X,Wg].

For each group g the conditional expectation Eg[YB+a|E,X] is a g-specific random variable.

Remark B.1. Assumption B.1 implicitly fixes all other g-specific factors related toWg. Such conditioning, in prin-
ciple, canmake the distribution of PW|g extremely complicated. To see this, suppose thatWg = (Wg,1, . . . ,Wg,Tmax)

and there is another, unobserved shockUg = (Ug,1, . . . , Ug,Tmax
), which is also relevant for the potential outcomes.

For simplicity suppose that each (Wg,t, Ug,t) ∼ N (0,Σ), independently across t. The marginal distribution ofWg,t

is simple,Wg,t ∼ N (0, σ2
w), and given data from multiple groups or a long time series, we can learn σ2

w. However,
the conditional distribution is very complicated: Wg,t| (Ug,t = ug,t) ∼ N (βug,t, σ

2
cond). In particular, for each g

and t, the mean is different and equal to βug,t. We cannot hope to learn these parameters of the conditional
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distribution regardless of how many groups and periods we observed. This problem does not arise in random-
ized experiments, in which the experimental protocol specifies the distribution ofWg and guarantees thatWg is
independent of any unobservables.

B.2 Measurement model and event times
Using the notation introduced previously, we state our next assumption.

Assumption B.2. (Measurement model)
For any g ∈ G, any t ∈ [B +Amin, B +Amax] and any w we have:

Yt(w) = α(w) + λg,t(X,w) +
∑
h≥0

τeh(w){t− E(w) = h}{E(w) = e}+ εt(w),

E[εt(w)|α(w), τ (w), X,E(w)] = 0,

where α(w) and {τeh(w)}e,h, εt(w) are random variables with g-specific distributions, and λg,t(·) is a deterministic
function.

This assumption imposes a particular structure on the potential outcomes. We can interpret it as policy
invariance: The relationship between the objects we want to measure, τeh(w), and the outcomes does not depend
on the realized policy.

Our next assumption restricts the relationship between E(w) and τeh(w).

Assumption B.3. (Event times)
Either (a) for each g ∈ G and any w we have E(w) ≡ E, or (b) for each g ∈ G and any w we have

E(w) ⊥⊥ τeh(w)|X.

This assumption guarantees that the policy of interest either does not influence the event times or the event
times are conditionally random within the subpopulations defined by X. The first assumption is appropriate in
cases in which there is no observed reaction of E to policy. Conversely, the second assumption is pertinent if we
considerE(w) as a random event rather than a decision influenced by other parameters of the model. Specifically,
if E(w) is determined in an experiment, the last statement holds by design.

B.3 Identification
We fix two user-specified parameters, h0 ≤ 0 and h1 ≥ 0— the minimum and maximum horizon over which we
aim to analyze ULES, respectively. We make the following assumption.

Assumption B.4. (Full support)
Random variable E−B has full conditional support, i.e., for any g ∈ G, w, and a ∈ {Amin, . . . , Amax}, E[1{E(w)−
B = a}|X] > 0 X-a.s.

This simplifying full-support assumption does not affect the identification logic but makes the exposition and
statistical analysis more straightforward. In particular, it allows us to define a relevant set of relative event times,
A(h0, h1) := {Amin − h0 + 1, . . . , Amax − h1 + h0 − 1} independently of X.
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For a given g, h0 ≤ h ≤ h1 and a ∈ A(h0, h1) we have(
λg,B+a+h(X)− 1

a−Amin + h0

a−1+h0∑
l=Amin

λg,B+l(X)

)
=

E

[(
YE+h −

1

E −B −Amin + h0

E−1+h0∑
l=Amin

YB+l(X)

)
1{E −B > a+ h1 − h0}

E[1{E −B > a+ h1 − h0}|X]
|X

]
,

where the RHS is well-defined thanks to Assumption B.4. Finally, for a given g and h, we define

τ̂h := YE+h −
1

E −B −Amin + h0

E−B−1+h0∑
l=Amin

YB+l−(
λg,E+h(X)− 1

E −B −Amin + h0

E−1+h0∑
l=Amin

λg,B+l(X)

)
= τEh (Wg) + νEh ,

as long as E −B ∈ A(h0, h1). The following lemma describes the properties of τ̂h.

Lemma 1. Suppose Assumptions B.1 - B.4 hold. Then for any g ∈ G and 0 ≤ h ≤ h1, and a ∈ A(h0, h1) we have

Eg
[

τ̂h1{E −B = a}
E[1{E −B = a}|X]

|X
]
=

Eg[τB+a
h (Wg)|E −B = a,X], if part (a) of Assumption B.3 holds,

Eg[τB+a
h (Wg)|X], if part (b) of Assumption B.3 holds.

Proof. Using Assumption B.1,B.2 and B.4 and the definition of τ̂h we have

Eg
[

τ̂h1{E −B = a}
E[1{E −B = a}|X]

|E,X
]
= Eg

[
(τEh (Wg) + νh)1{E −B = a}

E[1{E −B = a}|X]
|E,X

]
=

Eg

[
τB+a
h (Wg)1{E −B = a}
E[1{E −B = a}|X]

|E,X

]
.

If part (a) of Assumption B.3 holds we have by definition

Eg

[
τB+a
h (Wg)1{E −B = a}
E[1{E −B = a}|X]

|X

]
= Eg

[
τB+a
h (Wg)|E −B = a,X

]
.

Alternatively, if part (b) of Assumption B.3 holds, then we have

Eg

[
τB+a
h (Wg)1{E −B = a}
E[1{E −B = a}|X]

|X

]
= Eg

[
τB+a
h (Wg)1{E(Wg)−B = a}
E[1{E(Wg)−B = a}|X]

|X

]
=

Eg
[
τB+a
h (Wg)|X

]

This result, while straightforward, shows the different implications of part of Assumption B.3. For instance,
the first part does not allow us to distinguish between state dependence and selection, while the second does.
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B.3.1 Known PW
|g

In this subsection, we focus on environments in which the PW|g distribution is either known by design or can be
identified from the available data. This assumption is natural if Wg is assigned in an experiment (perhaps with
a g-specific design), and thus its distribution is known to the analyst. Alternatively, suppose we assume that
PW|g does not vary across g, and we have access to data from many groups. In that case, we can identify the
parameters of the distribution ofWg by pooling the information across groups. The latter structure is analogous
to standard analysis under unconfoundedness (see Imbens and Rubin (2015) for the textbook treatment), where
the distribution of the treatment variable is unknown but is constant across well-defined subpopulations.

To state our next proposition, we introduce additional notation and define the objects of interest. Let γ(w) be
a bounded function of w such that

∫
γ(w)dw = 0 and

∫
wγ(w)dw = 1, where the integrals are computed using

a relevant measure on the domain ofW (e.g., counting in caseW is discrete or Lebesgue if it is continuous) and
define

δeh(γ) :=

∫
γ(w)τeh(w)dw.

To understand the logic behind this quantity, suppose w ∈ {0, 1}. Then the only possible contrasts are γ(1) =

−γ(0) = 1 and δeh(γ) is the conventional unit-specific treatment effect τeh(1)− τeh(0). Expectations of the objects
of this type will be our estimands of interest. In particular, we consider two types of expectations:

δeh(γ, x, e) := E[δeh(γ)|X = x,E = e]

and
δeh(γ, x) := E[δeh(γ)|X = x].

Observe that in δeh(γ, x, e), dependence on e appears twice: as the index of the relevant event time and the index
of the subpopulation, we compute the expectation for.

Proposition 1. (Identification with known PW|g )
Suppose Assumptions B.1 - B.4 hold. Suppose that PW|g is known and has a density fg(·) (with respect to the relevant
measure on the domain of W ). Then for any contrast γ(·) we have for each group g ∈ G, 0 ≤ h ≤ h1, and
a ∈ A(h0, h1)

E
[
γ(Wg)

fg(Wg)

τ̂h1{E −B = a}
E[1{E −B = a}|X]

]
=

E
[
δB+a
h (γ,X,B + a)

]
, if part (a) of Assumption B.3 holds,

E[δB+a
h (γ,X)], if part (b) of Assumption B.3 holds.

as long as |γ(w)τeh(w)| ≤ Z and E[Z] <∞.

Proof. Using the results of Lemma 1 we have if part (a) of Assumption B.3 holds

E
[
γ(Wg)

fg(Wg)

τ̂h1{E −B = a}
E[1{E −B = a}|X]

]
=

E
[
E
[
γ(Wg)

fg(Wg)
τB+a
h (Wg)|E −B = a,X

]]
= E

[
E
[
δB+a
h (γ,X,B + a)|E −B = a,X

]]
=

E
[
δB+a
h (γ,X,B + a)

]
,

where we used Fubini’s theorem to get the second equality. Alternatively, if part (b) of Assumption B.3 holds,
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then we get, again using Lemma 1 and Assumption B.1,

E
[
γ(Wg)

fg(Wg)

τ̂h1{E −B = a}
E[1{E −B = a}|X]

]
= E

[
γ(Wg)

fg(Wg)
Eg[τB+a

h (Wg)|X]

]
= E[δB+a

h (γ,X)].

Proposition 1 provides a group-specific moment that identifies a relevant causal effect. In the statistical
analysis, we can aggregate these moment conditions (across groups) to construct an unbiased estimator for an
average (across groups) causal estimand.

B.3.2 Partially known PW
|g

This section considers environments in which PW|g is not known, nor can it be identified from the data. This
premise is reasonable in observational studies, in which the g-specific probability distribution ofWg can never be
fully learned unless we make restrictive assumptions. Instead, we will impose restrictions on certain features of
PW|g .

In our analysis, we will focus on a practically relevant case in whichWg has a time-series structure:

Wg = (Wg,1, . . . ,Wg,Tmax).

Given this structure, we restrict the causal model for τeh(w).

Assumption B.5. (Linear time-homogeneous dynamic model)
For any e, h and w we have for each g ∈ G

τeg,h(w) = βeh +

h+1∑
j=0

δj,hwe+h−j ,

where βeh and {δj,h}h+1
j=0 are g-specific random variables.

This model imposes several restrictions on the underlying potential outcomes. The first is linearity: We
assume that the interactions of policies from different periods do not matter for potential outcomes. Second, we
impose a dynamic structure, assuming only policy levels from periods e− 1, . . . , e+ h are relevant. This imposes
the non-anticipation assumption (future policies are irrelevant to current outcomes) and limited dynamics (lags
in distant periods are irrelevant). The final restriction is time homogeneity: The effect of the policy does not
structurally change with e—i.e., there is no δej,h.

We make the following assumption about the structure of PW|g .

Assumption B.6. (Restricted mean)
For any g ∈ G and t we have

E[Wg,t] = ag + bt.

This assumption imposes a particular model for the mean of Wg,t. Note that if we observe a finite number
of periods or a finite number of groups, then the parameters {ag, bt}g,t cannot be identified from the data. As a
result, we cannot learn even the first moment of PW|g from the data.

For each h and e we define δ⊤h := (δ0,h, . . . , δh+1,h) and(
∆W e

g,h

)⊤
:= (Wg,e+h −Wg,e+h−1, . . . ,Wg,e−1 −Wg,e−2).
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Also, for each h < h1, g ∈ G and e we define

∆τ̂B+a
h := τ̂h

(
1{E −B = a}

E[1{E −B = a}|X]
− 1{E −B = a− 1}

E[1{E −B = a− 1}|X]

)
The next proposition provides us with a g-specific moment condition.

Proposition 2. (Identification with partially known PW|g )
Suppose Assumptions B.1, B.2, and B.4 - B.6 hold. Fix 0 ≤ h ≤ h1 . Suppose either part (a) of Assumption B.3 holds
and E[δh|X,E] = E[δh|X] or, alternatively, part (b) of Assumption B.3 holds. Then for any {a, a− 1} ∈ A(h0, h1)

we have
V[∆WB+a

g,h |X]δg,h(X) = E[(∆WB+a
g,h − E[∆WB+a

g,h ])∆τ̂B+a
h |X],

where δg,h(X) := E[δh|X = x].

Proof. Using Lemma 1 we get if part (a) of Assumption B.3 is satisfied:

Eg
[
∆τ̂B+a

h |X
]
= Eg

[
τB+a
h (Wg)|X,E −B = a

]
− Eg

[
τB+a−1
h (Wg)|X,E −B = a− 1

]
.

Next, using Assumption B.5 and the premise of the proposition, we get

Eg
[
τB+a
h (Wg)|X,E −B = a

]
− Eg

[
τB+a−1
h (Wg)|X,E −B = a− 1

]
=

Eg
[
βB+a
h |X,E −B = a

]
− Eg

[
βB+a−1
h |X,E −B = a− 1

]
+ δ⊤g,h(X)∆WB+a

g,h .

The rest of the proof follows using Assumption B.1 and B.6. Alternatively, if part (b) of Assumption B.3 is satisfied,
the computation is more straightforward, and we have using Lemma 1

Eg
[
∆τ̂B+a

h |X
]
= Eg

[
τB+a
h (Wg)− τB+a−1

h (Wg)|X
]
.

The rest then follows in the same way as before.

This result shows that we can use the knowledge of the first two moments of ∆Wg,t to construct a moment
for the average value of the relevant coefficients. If part (b) of Assumption B.3 is satisfied, then this result does
not rely on additional restrictions. However, if part (b) of Assumption B.3 is satisfied, then to achieve the same
result we need to impose restrictions on the underlying heterogeneity and assume E[δh|X,E] = E[δh|X].

To understand why Proposition 2 is useful in practice, suppose that we observe independent data from
multiple groups g ∈ G.23 Then we have for any {a, a− 1} ∈ A(h0, h1)

1

|G|
∑
g∈G

(∆W b+a
g,h − 1

|G|
∑
g∈G

∆W b+a
g,h )∆τ b+ag,h (x,Wg) =

1

|G|
∑
g∈G

E[(∆W b+a
g,h − E[∆W b+a

g,h ])∆τ b+ag,h (x,Wg)] +Op

(
1√
|G|

)
=

1

|G|
∑
g∈G

V[∆W b+a
g,h ]δg,h +Op

(
1√
|G|

)
,

23In the discussion below, we rely on the statistical model described in the next section that postulates that
policy variables are independent across groups.
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where ∆τ b+ag,h (x,Wg) := Eg[∆τ̂B+a
h |X = x,E −B = a]. Similarly, we have

1

|G|
∑
g∈G

(∆W b+a
g,h − 1

|G|
∑
g∈G

∆W b+a
g,h )(∆W b+a

g,h − 1

|G|
∑
g∈G

∆W b+a
g,h )⊤ =

1

|G|
∑
g∈G

V[∆W b+a
g,h ] +Op

(
1√
|G|

)
.

As a result:

δ̂h(x) :=

 1

|G|
∑
g∈G

(∆W b+a
g,h − 1

|G|
∑
g∈G

∆W b+a
g,h )(∆W b+a

g,h − 1

|G|
∑
g∈G

∆W b+a
g,h )⊤

−1

×

1

|G|
∑
g∈G

(∆W b+a
g,h − 1

|G|
∑
g∈G

∆W b+a
g,h )∆τ b+ag,h (x,Wg) =

 1

|G|
∑
g∈G

V[∆W b+a
g,h ]

−1

×

 1

|G|
∑
g∈G

V[∆W b+a
g,h ]δg,h(x)

+Op

(
1√
|G|

)
. (B.2)

This result is directly useful if δg,h(x) = δh(x)—i.e., there is no heterogeneity in averages across groups. If such
heterogeneity exists, we need to strengthen Assumption B.6 and either assume that V[∆W b+a

g,h ] does not vary
over g or that it can be estimated. In the latter case, we can learn the average effect (across groups) by using
V[∆W b+a

g,h ]−1(∆W b+a
g,h − 1

|G|
∑
g∈G ∆W b+a

g,h ) as instruments; see Goldsmith-Pinkham et al. (2024) for further
details and alternative procedures.

Even if V[∆W b+a
g,h ] is known or can be identified, Proposition 2 is not directly useful if part (a) of Assumption

B.3 holds but E[δh|X,E] ̸= E[δh|X]—i.e., there is systematic heterogeneity in coefficients across units with
different observed event times. To address this case, we need to use moments in levels analogously to Arellano
and Bover (1995):

E[(∆W b+a
g,h − E[∆W b+a

g,h ])τ b+ag,h (x)] = E[(∆W b+a
g,h − E[∆W b+a

g,h ])(W b+a
g,h )⊤]δg,h(x, b+ a).

Again, if either (a) δg,h(x, e) does not vary over g or (b) E[(∆W b+a
g,h − E[∆W b+a

g,h ])(W b+a
g,h )⊤] can be identified

from the data, this moment restriction can be directly used to construct an estimator.
There are two problems with this approach in practice. First, to use it we need to assume that moments

E[(∆W b+a
g,h − E[∆W b+a

g,h ])(W b+a
g,h )⊤] are well behaved and the corresponding matrices can be inverted. Second,

this IV approach does not have the double-robustness property discussed by Arkhangelsky and Imbens (2022);
Arkhangelsky et al. (2024a), unlike other moments discussed above. See the discussion in Section B.5.

Remark B.2. Assumption B.6 specified a particular model for E[Wg,t], but in applications other models can be
more appropriate. For instance, we can consider a dynamic model of the type analyzed by Holtz-Eakin et al.
(1988) and write

Wg,t = bt + αgψt + ρWg,t−1 + νg,t, E[νg,t(1,Wg,t−1, . . . )] = 0,

where αg, bt, ψt, and ρ are unknown parameters. This model implies that for each g the mean satisfies the
following recursive formula:

E[Wg,t] = bt + αgψt + ρE[Wg,t−1],

with unrestricted initial conditions. It is thus substantially more general than the model in Assumption B.6.
However, this additional generality does not present a major problem for identification. Consider the following
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transformation:

W̃g,t :=Wg,t − ρWg,t−1 −
ψt
ψt−1

(Wg,t−1 − ρWg,t−2) = bt −
ψt
ψt−1

bt−1 + νg,t −
ψt
ψt−1

νg,t−1.

Holtz-Eakin et al. (1988) demonstrate that ρ and ψt

ψt−1
are identified from the data on multiple groups and thus

W̃g,t can be constructed. Applying the same transformation to our causal model, we can show a significant
generalization of Proposition 2.

Remark B.3. Assumption B.6 is directly connected to the literature on formula instruments (Borusyak and Hull,
2023, 2024; Borusyak et al., 2024a). The assumption that the first moment of the appropriate transformation
of Wg,t is known (identified) is needed to recenter the instrument. The restrictions for the second moment are
required to address the contamination bias, as defined by Goldsmith-Pinkham et al. (2024). The above discussion
connects these ideas with the identification results for panel data models.

B.4 Statistical analysis

B.4.1 Statistical model

The statistical model is based on the probability model described above. We assume that the group-specific
shocks are realized independently for each group, and then ng units (with ng being deterministic) are randomly
sampled from each group. Formally, the distribution of the realized data takes the following form:

PD = ×g∈G

(
PW|g ×

(
×ng

i=1P
D(·)
|g

))
.

The total number of observed units is thus n :=
∑
g∈G ng. For a given unit i, we let g(i) be the group from which

the data for this unit were generated.
Finally, for each unit i, we convert the g-specific random variables defined before into i-specific random

variables through the mapping i→ g(i). For instance, Eg(i)[Yi,Bi+a|Ei, Xi] is an i-specific random variable equal
to E[YB+a|E = Ei, X = Xi,Wg =Wg(i)], where g = g(i) and (YB+a, E,X,Wg) is an independent random draw
from PD

|g.

B.4.2 Estimation

The first step of our analysis relies on constructing τ̂i,h. We do this in two steps following the approach described
by Borusyak et al. (2024b). First, we estimate

(α̂i, λ̂g,t(·)) := arg min
(αi,λg,t(·))

∑
(i,t):Ei≥t−h0

(Yi,t − αi − λg(i),t(Xi))
2,

Since our covariates are discrete, we consider a completely unrestricted class of (g, t)-specific functions λg,t(·).
Next, we compute for h ∈ {h0, . . . , h1}:

τ̂BJSi,h := Yi,Ei+h − α̂i − λ̂g(i),t(Xi).

We use Str to denote the sample of units for which we can construct τ̂BJSi,h for all values of h ∈ {h0, . . . , h1} and
use τ̂BJSi to denote the (h1 − h0 + 1)-dimensional ULES.
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B.4.3 Statistical results

Unweighted regression: In the analysis in this section, we maintain part (a) of Assumption B.3. Define
W e

g,h := (Wg,e+h, . . . ,Wg,e−1). For each h ∈ {0, . . . , h1} our estimator takes the following form:

(
δ̂h, α̂h(·), β̂h(·)

)
:= arg min

α(·),β(·),δh

∑
i∈Str

(
τ̂BJSi,h − α(Ei, Xi)− β(g(i), Xi)− δ⊤hW

e
g,h

)2
. (B.3)

Define

π̂g :=
ng
n
, π̂x|g :=

∑
i 1{Xi = x, g(i) = g}

ng
, π̂a|x,g :=

∑
i∈Str

1{Xi = x, g(i) = g,Ei −Bi = a}∑
i 1{Xi = x, g(i) = g}

,

with the convention that π̂a|x,g = 0 if
∑
i 1{Xi = x, g(i) = g} = 0. Next, we define

τ̂ b+ag,h (x,Wg) :=

∑
i:∈Str,g(i)=g,Xi=x,Ei−Bi=a

τ̂BJSi,h∑
i∈Str

1{Xi = x, g(i) = g,Ei −Bi = a}

Formally this object is well-defined only if
∑
i∈Str

1{Xi = x, g(i) = g,Ei − Bi = a} > 0, but we can ignore this
because it is multiplied by π̂a|x,g.

It is straightforward to see that the problem (B.3) is equivalent to the following one:(
δ̂h, α̂h(·), β̂h(·)

)
:=

arg min
α(·),β(·),δh

∑
g∈G

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|x,g

(
τ̂ b+ag,h (x,Wg)− α(b+ a, x)− β(g, x)− δ⊤hW

b+a
g,h

)2
.

For any g, x and a ∈ A(h0, h1) define the conditional probability:

π̂ca|g,x :=
π̂a|g,x∑

l∈A(h0,h1)
π̂l|g,x

,

with the convention that π̂ca|g,x = 0 if
∑
l∈A(h0,h1)

π̂l|g,x = 0.
We use this probability to define the following projection:

W̃
b+a

g,h (x) := W b+a
g,h −

∑
l∈A(h0,h1)

π̂cl|g,xW
b+l
g,h − E

W b+a
g,h −

∑
l∈A(h0,h1)

π̂cl|g,xW
b+l
g,h |{Xi, Ei}i∈g

 .
We also consider the following prediction problem:

α̂h(·) := arg min
αh(·)

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|x,g

∥∥∥W̃ b+a

g,h (x)−αh(b+ a, x) +
∑

l∈A(h0,h1)

π̂cl|g,xαh(b+ l, x)
∥∥∥2
2
,

and define the corresponding residual:

Ŵ
b+a

g,h (x) = W̃
b+a

g,h (x)−

α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂cl|g,xα̂h(b+ l, x)

 .
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For each (g, x, a) we define

τ b+ag,h (x,Wg) := Eg[τB+a
h |X = x,E −B = a], βb+ag,h (x) := Eg[βB+a

h |X = x,E −B = a].

Define the error:
ζb+ag,h (x) := τ̂ b+ag,h (x,Wg)− τ b+ag,h (x,Wg).

For each (g, x, a) we define ζ̃b+ag,h (x) and β̂b+ag,h (x) analogously to W̃
b+a

g,h (x) and Ŵ
b+a

g,h (x) above.
We define the following set of functions

F :=
{
νg,h(·) :

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x∥νg,h(b+ a, x)∥22 = 1,

νg,h(b+ a, x) = αh(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xαh(b+ l, x), for some αh(b+ l, x)
}

Heuristically, for each h these are functions that have a unit norm in the L2 space generated by the empirical
measure on (g, x, a) and have a special structure generated by the underlying functions αh(b + a, x). Next, we
define the conditional variance

Σb+ag,h (x) := E
[
W̃

b+a

g,h (x)
(
W̃

b+a

g,h (x)
)⊤

|{Ei, Xi}i∈g
]
,

which we use to define another variance, which will be the variance of the OLS estimator,

Σ :=

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h+1)

π̂a|g,xΣ
b+a
g,h (x)

−1

×

∑
g

π̂2
gV

∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xW̃
b+a

g,h (x)(β̂b+ag,h (x) + ζ̂b+ag,h (x))|{Ei, Xi}i∈g

×

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h+1)

π̂a|g,xΣ
b+a
g,h (x)

−1

.

We make the following high-level assumption:

Assumption B.7. (High-level restrictions)
As n and |G| approach infinity the following statements hold conditionally on {Ei, Xi}ni=1 with probability approach-
ing 1: (a) the fixed effects do not overfit

sup
νe

g,h(x)∈F

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x (νg,h(b+ a, x))
⊤
W̃

b+a

g,h

 = op(1);

(b) the conditional LLN holds

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xW̃
b+a

g,h (x)
(
W̃

b+a

g,h (x)
)⊤

=
∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xΣ
b+a
g,h (x) + op(1);
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(c) the effective sample size is going to infinity

∥Σ∥op = op(1);

and (d) the conditional CLT holds∑
g

π̂2
gV

∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xW̃
b+a

g,h (x)(β̂b+ag,h (x) + ζ̂b+ag,h (x))|{Ei, Xi}ni=1

− 1
2

×

∑
g

π̂g
∑̂

x
πx|g

∑
a∈A(h0,h1)

π̂a|g,xW̃
b+a

g,h (x)(β̂b+ag,h (x) + ζ̂b+ag,h (x)) →d N (0, I).

This assumption is very mild, and we expect it to hold as |G| approaches infinity even if the group size stays
fixed as long as some mild regularity conditions are satisfied. The first part of this assumption says that two-way
fixed effects do not asymptotically overfit the relevant policy variation. It is trivially satisfied if the support of
X and E − B does not increase with n and |G|. The second part is the requirement that the conditional law of
large numbers applies. A sufficient condition for this is that

∑
g π̂

2
g = o(1) and boundedness of Wg,t. The third

restriction is a very mild requirement for the effective sample size, with
∑
g π

2
g = o(1) being a sufficient condition

as long asWg,t and potential outcomes are bounded. Finally, the last restriction is the conditional validity of the
central limit theorem, which we expect to hold under mild conditional moment restrictions.

Theorem 1. (Asymptotic behavior)
Suppose Assumptions B.1 - B.2, B.4 - B.7 hold and part (a) of Assumption B.3 holds. Suppose for all g we have
E[δh|X,E] = δ. Then, as n and |G| go to infinity we have

Σ̂− 1
2 (δ̂ − δ) →d N (0, I),

where

Σ̂ :=

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1

×

(∑
g

π̂2
g

∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|x,gŴ
b+a

g,h (x)(τ̂eg,h(x,Wg)− δ̂hŴ
b+a

g,h (x))

⊤

×

∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|x,gŴ
b+a

g,h (x)(τ̂ b+ag,h (x,Wg)− δ̂hŴ
b+a

g,h (x))

)×
∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1

.

Proof. In the proof, we use the fact thatWg,t is independent of {Ei, Xi}ni=1, and thus, we can treat the latter as
fixed. We then conduct the analysis for the subset of realizations of {Ei, Xi}ni=1 on which Assumption B.7 holds,
and show that for each such realization, we have convergence in distribution. Since this set has a probability
approaching one, it implies that the same convergence holds unconditionally.
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Using the standard FWL representation of the regression coefficients, we get the following expression for δ̂h:

δ̂h =∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)τ̂ b+ag,h (x,Wg) =

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)τ b+ag,h (x,Wg)+

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)ζb+ag,h (x).

Using the second part of Assumption B.7, we have for the denominator

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤

=

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xW̃
b+a

g,h (x)
(
W̃

b+a

g,h (x)
)⊤

−

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x×

α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)

α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)

⊤

=

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xΣ
b+a
g,h (x) + op(1)−

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x×

α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)

α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)

⊤

.

We can bound the remaining error∥∥∥∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x×

α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)

α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)

⊤∥∥∥
op

≤

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x∥α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)∥22,
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and by using standard OLS logic, we have∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x∥α̂h(b+ a, x)−
∑

l∈A(h0,h1)

π̂ca|g,xα̂h(b+ l, x)∥22 ≤

4 sup
νg,h(x)∈F

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,x (νg,h(x))
⊤
W e

g,h

 = op(1),

where the last equality is guaranteed by the first part of Assumption B.7.
The rest follows trivially. First, we have∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)ζb+ag,h (x) =

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xΣ
b+a
g,h (x) + op(1)

−1∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xW̃
b+a

g,h (x)ζ̂b+ag,h (x).

We can decompose the other part of the estimator:∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)τ b+ag,h (x,Wg) =

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
W b+a

g,h

)⊤
δg,h(x)+

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)βb+ag,h (x)

For the target, we use that the parameter is not heterogeneous, E[δh|X,E] = δ, for all g:∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
W b+a

g,h

)⊤
δg,h(x) =

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
W b+a

g,h

)⊤
δh =

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤

δh =

δh
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For the final part, we have∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)βb+ag,h (x) =

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xΣ
b+a
g,h (x) + op(1)

−1∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xW̃
b+a

g,h (x)β̂b+ag,h (x)

We then immediately have, from the third part of Assumption B.7,

Σ− 1
2 (δ̂h − δh) →d N (0, I).

Since ∥Σ∥op → op(1), we also have that δ̂ − δ = op(1). It then follows using standard arguments that

Σ̂−1 × Σ = I + op(1).

This concludes the proof.

Theorem 1 abstracts away from all heterogeneity in effects. The limiting distribution has an additional term
if such heterogeneity is present. We can compute the probability limit of the estimator with such heterogeneity:∑

g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
Ŵ

b+a

g,h (x)
)⊤−1

×

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xŴ
b+a

g,h (x)
(
W b+a

g,h

)⊤
δg,h(x) =

∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xΣ
b+a
g,h (x)

−1∑
g

π̂g
∑
x

π̂x|g
∑

a∈A(h0,h1)

π̂a|g,xΣ
b+a
g,h (x)δg,h(x) + op(1)

Observe that even if δg,h(x) = δh(x) for all g ∈ G and V[W b+a
g,h ] does not depend on g, the resulting estimand is

not equal to a convex combination of δh(x), unlike in our analysis in the previous section. The reason for such
behavior is that the regression (B.3) induces particular (g, x, a)-specific weights that render the analysis more
complicated. To address this problem, we can use alternative weights analogous to the estimator we discussed
in Section 2.4. In particular, consider the following weighted regression:(
δ̂
WOLS

h , α̂WOLS
h (·), β̂WOLS

h (·)
)
:= arg min

α(·),β(·),δh

∑
i∈Str

(
τ̂BJSi,h − α(Ei, Xi)− β(g(i), Xi)− δ⊤hW

e
g,h

)2 1

π̂(Ei−Bi)|g(i),Xi

,

which is analogous to one we propose in situations where part (b) of Assumption B.3 holds. A straightforward
extension of the previous analysis shows that the limit is now equal to(∑

g

π̂gΣg,h

)−1∑
g

π̂gΣg,h

(∑
x

π̂x|gδg,h(x)

)
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where

Σg,h :=
∑
x

π̂x|g
∑

a∈A(h0,h1)

V

W b+a
g,h − 1

|A(h0, h1)|
∑

l∈A(h0,h1)

W l
g,h

 .
In particular, now if either (a)

∑
x π̂x|gδg,h(x) = δh, or (b) Σg,h = Σh, we have that the resulting estimand is

either (a) equal to δh, or (b) equal to

(∑
π̂g

)−1∑
π̂g

(∑
x

π̂x|g(x)δg,h(x)

)
.

Weighted regression: We now briefly discuss the differences in the analysis for the environments in which
part (b) of Assumption B.3 holds. The weighted version of the OLS problem has the following form(
δ̂
WOLS

h , α̂WOLS
h (·), β̂WOLS

h (·)
)
:= arg min

α(·),β(·),δh

∑
i∈Str

(
τ̂BJSi,h − α(Ei, Xi)− β(g(i), Xi)− δ⊤hW

e
g,h

)2 1

π̂(Ei−Bi)|g(i),Xi

This construction implicitly assumes that π̂(Ei−Bi)|g(i),Xi
> 0 for all i—a random event. We define the corre-

sponding indicator variables

A := 1

{
min

g∈G,x,a∈A(h0,h1)
π̂a|g,x > 0

}
.

Following the same path as in the previous case, we wish to conduct the analysis fixing {Xi}ni=1 and A = 1. How-
ever, becauseEi is causally related toWg,t the second condition affects the distribution of {Wg,t}t, shifting its first
two moments, which were relevant for our computations. However, as long as 1− E[A|{Xi}i] = op

(∑
g∈G π̂

2
g

)
,

we can rely on the following CS bound:

|E[f({Xi}i∈g, {Wg,t}t|A = 1, {Xi}i]− E[f({Xi}i∈g, {Wg,t}t)|{Xi}i]| ≤√
V[f({Xi}i∈g, {Wg,t}t|{Xi}ni=1]E[A|{Xi}i](1− E[A|{Xi}i])

E[A|{Xi}i]
=

op

√V[f({Xi}i∈g, {Wg,t}t|{Xi}ni=1]
∑
g

π̂2
g

 .

It follows that under mild technical conditions (e.g., boundedness of all relevant random variables), fixing A = 1

does not change the relevant moments of Wg,t enough to affect the first-order analysis. In particular, one can
proceed analogously to the previous case, establishing an analog of Theorem 1.

B.4.4 Normalization

Our empirical analysis sometimes normalizes the estimated τ̂BJSi by the average imputed outcome. In particular,
for each (h, e, x, g) we construct

Ŷh,e,x,g :=

∑
i∈Str:Ei=e,Xi=x,g(i)=g

(α̂i + λ̂g(i),t(Xi))

ntrg (e, x)
,

where ntrg (e, x) :=
∑
i∈Str

1{Ei = e,Xi = x, g(i) = g}, and then define for each i ∈ Str

τ̃BJSi,h :=
τ̂BJSi,h

Ŷh,Ei,Xi,g(i)

.
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Remark B.4. Our theoretical and statistical analysis is conducted for τ̂BJSi,h , ignoring the normalization. To
address the normalization, one needs to restate Assumption B.5 for the normalized version of τeh(ω). Statistical
guarantees analogous to those we establish below would hold for the normalized coefficients as long as the
number of units per group is sufficiently large. In particular, group-level clustering would still deliver correct
inference.

B.5 Alternative analysis
The analysis in this section relied on random variation in Wg to establish causal claims. However, a large body
of applied work, particularly in policy evaluation, focuses on conditional analysis that fixes the path of Wg and
instead relies on unobserved shocks. For instance, this is the case for the standard DiD analysis. This subsection
briefly discusses how we can incorporate such analysis into our framework.

If we fixWg, our previous probability model does not allow for group-level uncertainty. To incorporate such
uncertainty, we assume that in addition to Wg—the observed policy shock—the potential outcomes are also
affected by the unobserved policy shocks Ug. We extend Assumption B.1 and now assume

(E,X, YB+Amin
(·), . . . , YB+Amax

(·)) ⊥⊥ (Wg, Ug),

where, as before, each variable can have a g-specific distribution. The measurement model remains the same as
in Assumption B.2, but now incorporates dependence on (u):

Yt(w, u) = α(w, u) + λg,t(X,w, u) +
∑
h≥0

τeh(w, u){E(w, u)− t = h}{E(w, u) = e}+ εt(w, u),

E[εt(w, u)|α(w, u), τ (w, u), X,E] = 0.

The next restriction extends part (a) of Assumption B.3:

E(w, u) ≡ E.

We can also consider a straightforward extension of part (b) of Assumption B.3; it does not affect the discussion
below much, and we focus on a simpler case for brevity.

These restrictions guarantee

τeg,h(x,w, u) := E[τeh(w, u)|X = x,E = e,Wg = w,Ug = u] = E[τeh(w, u)|X = x,E = e].

We assume that Ug has the same structure asWg, and thus we can write

Ug = (Ug,1, . . . , Ug,Tmax).

We use this structure to extend Assumption B.5:

τeh(w, u) = βeh +

h+1∑
j=0

β1,j,hue+h−j +

h+1∑
j=0

δj,hwe+h−j ,

where βeh, β1,j,h, and δj,h are g-specific random variables. So far, this model is a generalization of the one we had
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previously, but next, we impose restrictions that are more demanding than before. In particular, we assume

E[βeh|X = x,E = e] = β0,1,g,h(x) + β0,2,h(x, e),

E[β1,j,h|X = x,E = e] = β1,j,h(x),

E[δj,h|X = x,E = x] = δg,j,h(x).

Here, the last restriction is the same as we imposed before, and the first two are new. Finally, we restrict the
conditional distribution of Ug,t and assume

Ug,t = ag + bt + νg,t, E[νg,t|Wg] = 0.

Using all these restrictions, we arrive at the following model:

τeg,h(x,Wg, Ug) = β̃1,g,h(x) + β̃2,h(x, e) +

h+1∑
j=0

δg,j,h(x)Wg,e+h−j + ν̃g,e+h, E[ν̃g,e+h|Wg] = 0, (B.4)

where

β̃1,g,h(x) := β0,1,g,h(x) +

h+1∑
j=0

β1,j,h(x)ag,

β̃2,h(x, e) = β0,2,h(x, e) +

h+1∑
j=0

β1,j,h(x)be+h−j ,

ν̃g,e+h :=

h+1∑
j=0

β1,j,h(x)νg,e+h−j .

Compared with the model we had before, this one has a specific structure of the error term, which was not
previously present. It is directly related to the one considered by De Chaisemartin and d’Haultfoeuille (2020).

To understand identification and estimation in this model, we consider a simple example with three periods,
which is the same as in the main text but now allows for covariates. Suppose thatWg takes three possible values,
Wg ∈ {(0, 0, 0), (0, 0, 1), (0, 1, 1)}. Consider the following difference:

∆τ2g,0(x,Wg, Ug) = τ2g,0(x,Wg, Ug)− τ1g,0(x,Wg, Ug) = ∆β̃2,h(x) +

1∑
j=0

δg,j,0(x)∆Wg,2−j +∆ν̃g,2.

Using the restriction on ∆ν̃g,2 we get the following:

δ̂0(x) :=

∑
g∈G ∆τ2g,0(x,Wg, Ug){∆Wg,2 = 1,∆Wg,1 = 0}∑

g∈G{∆Wg,2 = 1,∆Wg,1 = 0}
−∑

g∈G ∆τ2g,0(x,Wg, Ug){∆Wg,2 = 0,∆Wg,1 = 0}∑
g∈G{∆Wg,2 = 0,∆Wg,1 = 0}

=∑
g∈G δg,0,0(x){∆Wg,2 = 1,∆Wg,1 = 0}∑

g∈G{∆Wg,2 = 1,∆Wg,1 = 0}
+Op

(
1√
|G|

)
,
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and similarly

δ̂1(x) :=

∑
g∈G ∆τ2g,0(x,Wg, Ug){∆Wg,2 = 0,∆Wg,1 = 1}∑

g∈G{∆Wg,2 = 0,∆Wg,1 = 1}
−∑

g∈G ∆τ2g,0(x,Wg, Ug){∆Wg,2 = 0,∆Wg,1 = 0}∑
g∈G{∆Wg,2 = 0,∆Wg,1 = 0}

=∑
g∈G δg,1,0(x){∆Wg,2 = 0,∆Wg,1 = 1}∑

g∈G{∆Wg,2 = 0,∆Wg,1 = 1}
+Op

(
1

|G|

)
.

As a result, we can construct an estimator for a particular weighted average of the underlying coefficients. Note
that the weights are random, and their expectation is not generally identified. It is also easy to see that this
estimator is equivalent to estimating (B.4) by OLS with two-way fixed effects using data on G groups and is
also equivalent to the estimator we considered previously in (B.2). This result is directly connected to the ideas
developed by Arkhangelsky et al. (2024a).

Remark B.5. The discussion in this section illustrates the benefits and costs of the conditional approach. On
the positive side, we do not need to restrict the marginal distribution of Wg, i.e., we have not used an analog
of Assumption B.6. However, instead, we assumed the presence of unobserved shocks with a two-way structure
and mean-independent errors, as well as more substantial restrictions on heterogeneity. Finally, in terms of the
estimand, we got a convex combination of average effects, but the weights are different for different coefficients,
which makes the interpretation more challenging.

B.6 Validation
Our empirical analysis relies on the first part of Assumption B.3. To validate this assumption, we conduct em-
pirical analysis based on the model described in this section. For each t, g, w, b define the following conditional
probability (hazard function):

πg,t(w, b) := E[E(w) = t|E(w) > t− 1, B = b].

We assume that this probability has the following functional form:

πg,t(w, b) = π0
g,t(b) + βg(t− b)wt−1.

This specification does not restrict the baseline variation in the hazard rate without policy. Still, it assumes that
the potential probability only depends on the current (at t − 1) level of policy, and this effect is constant across
time, though it varies across age. Define the following two variables:

∆πg,t(w, b) := πg,t(w, b)− πg,t−1(w, b− 1),

∆π0
g,t(b) := π0

g,t(b)− π0
g,t−1(b− 1).

Using this definition, we arrive at the following equation:

∆πg,t(Wg, b) = ∆π0
g,t(b) + βg(t− b)∆Wg,t−1.
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This implies that under Assumption B.6 we have the following:

∑
g∈G ∆πg,t(Wg, t− b)

(
∆Wg,t−1 − 1

G
∑
g∈G ∆Wg,t−1

)
∑
g∈G

(
∆Wg,t−1 − 1

G
∑
g∈G ∆Wg,t−1

)2 =
∑
g∈G

βg(t− b)ωg,t +Op

√∑
g∈G

ω2
g,t

 ,

whereωg,t := V[∆Wg,t−1]∑
g∈G V[∆Wg,t−1]

. If none of the group-specific variances dominates, thenwe haveOp
(√∑

g∈G ω
2
g,t

)
=

Op

(
1√
|G|

)
. This implies that the OLS regression of the group-level outcome ∆πg,t(Wg, x̃, t − b) on the policy

differences is a consistent estimator for a weighted average effect of the policy. In practice, we do not observe
the probability πg,t(w, b) directly; instead, we use its unbiased estimator.

B.7 Examples
We now return to examples from Section 2.5 and discuss them in more detail.

B.7.1 One- vs. two-step estimation

Recall that we consider estimating the following equation

Yi,t = αi + λg,t +
∑
h≥0

(βh + δhWg)1{Ei − t = h}+ ϵi,t

assuming that Wg is binary and is randomly assigned and t = 0, 1, 2. For simplicity, we difference out the unit
fixed effects by subtracting the outcomes in the first period, which leads to the following equation

Ỹi,t = λ̃g,t +
∑
h≥0

(βh + δhWg)1{t− Ei = h}+ ϵ̃i,t,

where Ỹi,t := Yi,t − Yi,0 for t = 1, 2, and λ̃g,t and ϵ̃i,t are defined analogously. We consider the population limit
of this problem; that is, we solve for

(
{λOLSg,t }g,t, {βOLSh , δOLSh }1h=0

)
= arg min

{λg,t}g,t,{βh,δh}1
h=0

∑
g∈G

2∑
t=1

E


Ỹt − λg,t −

∑
h≥0

(βh + δhWg)1{t− E = h}

2


First, suppose that part (a) of Assumption (3) holds. Then, by using the FWL theorem multiple times, we get the
following:

{δOLSh }1h=0 = arg min
{δh}1

h=0

∑
g∈G

2∑
t=1

E


τ t−hg,h (Wg, E)1{t− E = h} −

∑
h≥0

δh

(
Wg −

1

2

)
(1{t− E = h} − πg,t,h)

2
 ,

where πg,t,h := Eg[1{t− E = h}] and τ t−hg,h (Wg, E) := Eg[τ t−hh |E]. BecauseWg is binary we have

τ t−hg,h (Wg, E) = βt−hg,h (E) + δt−hg,h (E)Wg = βt−hg,h (E) +
1

2
δt−hg,h (E) + δt−hg,h (E)Wg

(
Wg −

1

2

)
.
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Applying the FWL result once again, we get

{δOLSh }1h=0 = arg min
{δh}1

h=0

∑
g∈G

2∑
t=1

E


∑
h≥0

(
δt−hg,h (E)1{t− E = h} − δh (1{t− E = h} − πg,t,h)

)2
⇒

(
δOLS0

δOLS1

)
=

∑
g∈G

(Vg,1 + Vg,2)

−1∑
g∈G

E[Vg,1(E)δ1g(E) + Vg,2(E)δ2g(E)].

where

Vg,t(E) :=

(
1{t− E = 0}(1{t− E = 0} − πg,t,0)

1{t− E = 1}(1{t− E = 1} − πg,t,1)

)⊤(
1{t− E = 0}(1{t− E = 0} − πg,t,0)

1{t− E = 1}(1{t− E = 1} − πg,t,1)

)

δtg(E) :=

(
δtg,0(E)

δt−1
g,1 (E)

)
, Vg,t := E[Vg,t(E)]

This illustrates that, in general, the OLS coefficients suffer from the contamination bias introduced by Goldsmith-
Pinkham et al. (2024). Note that this is the case even if we shut down the heterogeneity in the event times, making
δtg(E) = δtg. This still leaves heterogeneity across groups, which matters even thoughWg is i.i.d. across groups.

We now turn to the second part of Assumption 3. To illustrate the point in the most straightforward setting,
we focus on a single period; that is, we consider estimating the following linear equation

Ỹi,t = λ̃g + (β0 + δ0Wg)1{Ei = 1}+ ϵ̃i,t,

where Ỹi,t := Yi,t − Yi,0 and t = 1.24 Focusing on the population problem, we have

(
{λOLSg }g, βOLS , δOLS

)
= arg min

{λg}g,β,δ

∑
g∈G

E
[(
Ỹt − λg − (β + δWg)1{E = 1}

)2]

Applying the FWL theorem, we get that this is equivalent to estimating

(
βOLS , δOLS

)
= argmin

β,δ

∑
g∈G

E
[(
τ0g,0(Wg)(1{t− E = h} − πg,1,0)− (β + δWg)(1{E = 1} − πg,1,0)

)2]
,

where we used the fact that τ00 (w) is independent of E(w). The last problem is thus equivalent to the following
one (

βOLS , δOLS
)
= argmin

β,δ

∑
g∈G

E
[(
τ0g,0(Wg)− (β + δWg)

)2
ωg(Wg)

]
,

where ωg(Wg) := V[1{E = 1}|Wg]. Using the FWL results again, we get that

δOLS :=

∑
g E[ωg(Wg)τ

0
g,0(Wg)(Wg − µ)]∑

g E[ωg(Wg)(Wg − µ)2]
=

∑
g β

0
g,0E[ωg(Wg)(Wg − µ)]∑

g E[ωg(Wg)(Wg − µ)2]
+

∑
g δ

0
g,0E[ωg(Wg)Wg(Wg − µ)]∑
g E[ωg(Wg)(Wg − µ)2]

,

where µ :=
∑

g E[ωg(Wg)Wg]∑
g E[ωg(Wg)]

. The g-specific weight E[ωg(Wg)(Wg − µ)] is in general not equal to zero (these
weights sum up to zero across all groups, though), and thus the OLS estimator is biased even if δ0g,0 is constant
across g. This result should not be surprising because the OLS problem that we got uses weights that depend on

24With two periods, we will also have the contamination bias in addition to the bias we discuss below.
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Wg thus shifting the distribution ofWg away from the uniform.

B.7.2 Unit-level policy variation

Next, we consider the model with unit-level variation in policy:

Ỹi,t = λ̃t(Wi) +
∑
h≥0

(βh + δhWi)1{t− Ei = h}+ ϵ̃i,t.

Again, focusing on the limit problem, we have the following optimization problem:

({λOLSt (·)}2t=1, {(βOLSh , δOLSh )}1h=0) =

arg min
{λt(·)}2

t=1,{(βh,δh)}1
h=0

∑
t

E[(Yt − λ̃t(Wi)−
∑
h≥0

(βh + δhW )1{t− E = h})2]

Applying the FWL theorem, we get that this problem is equivalent to the following one:

({(βOLSh , δOLSh )}1h=0) =

arg min
{{(βh,δh)}1

h=0

∑
t

E


∑
h≥0

τ t−hh (W,E)1{t− E = h} −
∑
h≥0

(βh + δhW )(1{t− E = h} − πt,h(W ))

2
 .

where πt,h(W )) := E[1{t− E = h}|W ]. If part (a) of Assumption (3) holds, then the last problem is equivalent
to

({(δOLSh )1h=0) = arg min
{(δh)1h=0

∑
t

E


∑
h≥0

(δt−hh (E)1{t− E = h} − δhW (1{t− E = h} − πt,h)

2
 ,

which, using similar computations as in the previous section, implies(
δOLS0

δOLS1

)
= ((V1 + V2))

−1
∑
g∈G

E[V1(E)δ1(E) + V2(E)δ2(E)],

where all components are defined analogously to our previous analysis. Even if E is not correlated with the
heterogeneity in coefficients, we still get contamination bias because of the variation over time.

Alternatively, if part(b) of Assumption 3 holds, then we get the following problem:

(βOLS , δOLS) = arg min
(βOLS ,δOLS)

∑
t

E[(τ t(W )− β − δW ))⊤Vt(W )(τ t(W )− β − δW ))],

where (βOLS)⊤ := (βOLS0 , βOLS1 ), δOLS is defined analogously, and (τ t(W ))⊤ := (τ10 (W ), τ01 (W )), and we define
βt and δt analogously. We also defined

Vt(W ) := V [1{t− E = 0},1{t− E = 1}|W ]
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Solving this problem, we get the following:

δOLS =

(
2∑
t=1

Vt(1)

)−1(∑
t

Vt(1)δ
t

)
+

(
2∑
t=1

Vt(1)

)−1(∑
t

Vt(1)
(
βt − βOLS

))
,

where βOLS =
(∑2

t=1 Vt(0)
)−1 (∑

t Vt(0)β
t
)
. As before, there is a selection bias and a contamination bias

caused by heterogeneity across periods.

B.7.3 Causal analysis vs. projections

Our computations in the previous section show that if we only use a single period rather than two periods, then
the resulting coefficients have a causal interpretation. This section illustrates the same phenomenon using a more
straightforward model.

Consider a statistical model where

Yi = τiXi + εi, E[εi|Xi,Wi] = 0,

and researchers want to project τi on binaryWi ∈ {0, 1}, i.e., estimate the coefficient in the regression

τi = β + δWi + νi

As long as Xi ̸= 0 almost surely, we can construct τ̂i := Yi

Xi
for all units and project it on Wi. This two-step

procedure is conceptually analogous to our proposal. Alternatively, we can directly estimate a single linear
equation

Yi = α+ βXi + δXiWi + ε̃i,

where we substituted τi with its projection on Wi. The problem with this approach is that the new error ε̃i
can be systematically correlated with Xi, thus potentially rendering the whole analysis invalid. This issue arises
regardless of the nature of the variation in Wi, which can be randomly assigned. See Muris and Wacker (2022)
for a detailed analysis of a more general version of this problem.

The situation becomes more nuanced if we postulate a causal model for τi, and write τi(Wi). In this case,
if Wi is randomly assigned, and neither Xi nor εi is causally affected by Wi, then the one-step OLS estimator
converges to a weighted average effect

E
[
(τi(1)− τi(0))

X2
i

E[X2
i ]

]
.

This effect differs from the standard average treatment effect from the two-step regression, but it is still a mean-
ingful causal quantity.
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C Household Labor Supply and Childcare Decisions Model
This section presents a simple household model to illustrate the economic intuition behind
the relationship between the child penalty and childcare provision in Figure IV, discussed
in Section 4.3. Let U(c, k) represent the joint utility function of the household, where the
household enjoys consumption c and child-rearing time k. For simplicity, we assume both
fathers f and mothers m have the same utility function. The joint household maximization
problem can be expressed as:

max
c,k

U(c, k) = u(cm, km) + u(cf , kf )

subject to the budget constraint:

p · d+ cm + cf = wm · hm + hf

where p is the price of outsourcing child-rearing time d, hi are market working hours at a wage
wm for mothers and wage for fathers at a wage rate we normalize to be the numeraire wf = 1.
Each parent can split their total time of T = 1 between market work and child-rearing in the
following way:

1 = hi + ki.

Finally, someone needs to care for the child daily for a total time of T = 1, which can be
outsourced by choosing d. Finally, someone needs to do home production for a total time of
h̄, which results in the following household time constraint:

1 + h̄ = km + kf + d.

This simple model produces a heterogeneous relationship between labor supply and the
cost of outsourcing childcare time, as Figure C.1 shows.
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Figure C.1: Time allocation to childcare and labor supply versus childcare cost

Notes: This figure presents the XX.
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